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Abstract: The structure constants of twist-two operators with spin j in the BFKL limit
g2 → 0, j → 1 and g2j−1 ∼ 1 are found from the calculation of the three-point correlator of
twist-two light-ray operators in the triple Regge limit. It is well known that the anomalous
dimensions of twist-two operators in this limit are determined by the BFKL intercept.
Similarly, the obtained structure constants are determined by an analytic function of three
BFKL intercepts.
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1 Introduction
The approximate conformal invariance of pQCD makes it very useful in practical calcu-
lations. Any leading-order pQCD result which does not have explicit β-function can be
obtained from conformally invariant amplitudes. Moreover, the results obtained in a close
conformal “neighbor” of QCD, the N = 4 SYM theory, can be used as a starting point of
QCD calculation. Typically, the result in N = 4 theory gives the most complicated part
of pQCD result, i.e. the one with maximal transcendentality. This is explicitly confirmed
in many cases, for example in the calculation of anomalous dimensions of twist-two op-
erators [1, 2] and cusp anomalous dimension at the three-loop level [3, 4]. Actually, it is
worthwhile to start a pQCD calculation from the corresponding analysis in N = 4 SYM.
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The Lagrangian might seem more complicated but the result will be obtained in a more
streamlined and controlled way and it will give the most transcendental part of the QCD
result.
It is well known that the all correlation functions (correlators) in a conformal theory
are in principle determined if one knows the anomalous dimensions of all primary operators
operators and the corresponding structure constants determined by three-point correlators.
The important class of local operators is represented by the so-called twist-two operators
encountered in many phenomenological applications in QCD starting from the famous case
of deep inelastic scattering. As to anomalous dimensions of twist-two operators in N = 4
SYM, there was a considerable progress in recent years due to the development of QCS
method [5, 6] resulting in analytic expressions at large Nc up to 7th order of perturbation
theory [7] and very accurate numerical calculations at any coupling constant up to a strong
coupling limit [8].
In contrast, the study of structure constants of twist-two operators is not at the same
level yet. For arbitrary spins, the structure constants of three twist-two operators are
explicitly known only at the tree level [9, 10]. There are calculations of the structure
constants of two protected operators and a twist-two operator, the most recent performed
using the hexagon approach [11] up to the four-loop [12] and five-loop [13] level. However,
for the correlator of three non-protected operators the hexagon approach gives only general
prescription for calculations and to get explicit results further development of hexagon
method is necessary. There is also a related QCS calculation of three-cusp Wilson loop
similar to correlator of one protected and two non-trivial operators [14], but at this stage
it is not clear whether such result can be used to get the correlator of three twist-two
operators.
In this circumstances, it is very useful to find examples of explicit calculation of twist-
two structure constants, especially in the approximations which go beyond the leading
orders of perturbation theory. One of the most interesting examples is the structure con-
stants of twist-two operators in the so-called BFKL limit when the Lorentz spin of the
twist-two operator tends to one: ω = j−1→ 0, coupling constant g2 = g
2
YM
16pi2
Nc is small but
the ratio g
2
ω is fixed. This limit is closely related to the high-energy behavior of amplitudes,
roughly speaking g
2
ω ∼ g2 lnE where E is the energy. The problem of high-energy behavior
of amplitudes has a long story starting with Heisenberg-Froissart bound ln2E for total cross
section which has not been constructively explained in any (field or string) theory in more
than 50 years. The most popular idea is to reduce the gauge theory at high energies to 2+1
effective theory which can be solved (exactly or by computer simulations). Unfortunately,
despite the multitude of attempts, the Lagrangian for 2+1 QCD or N = 4 SYM at high
energies is not written yet. In this context, the complementary approach of conformal boot-
strap may be helpful. One may start with twist-two operators in the BFKL limit and use
knowledge of anomalous dimensions and structure constants of these operators to construct
the high-energy amplitudes. Of course, the high-energy behavior of amplitudes is not com-
pletely determined by twist-two operators, for example the BFKL equation involves twist
two as well as all higher twists. Still, the effective conformal theory of twist-two operators
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at small ω’s appears to be a good place to start.
Since the conformal twist-two operator in N = 4 SYM looks like
Oj(x) = TrF+iDj−2+ F i+ + gluinos + scalars (1.1)
the point ω = j − 1 → 0 is an unorthodox point corresponding to the non-local operator
TrF+iD
ω−1
+ F
i
+ . The explicit form of this non-local operator is a so-called light-ray operator
- a bilocal operator with the light-like gauge link. Such light-ray operators are extensively
studied in QCD since matrix elements of those operators define parton distribution densities
for forward case and so-called GPDs in the off-forward case (see the book [15] for a review).
For N = 4 SYM, the supersymmetric generalization of QCD light-ray operators [16] is
presented in Ref. [17] following the corresponding work on the supermultiplet of twist-two
local operators [18].
The anomalous dimensions of twist-two operators in the BFKL limit can be obtained
from Regge asymptotics of the four-point correlators resulting in the equation ω = ℵ(∆)
where ∆ is the dimension of the operator and ℵ(∆) is the famous Pomeron intercept. In
QCD, it is known only up to the NLO order [19], but inN = 4 SYM it is studied well beyond
that: there are explicit perturbative expressions at the NNLO level [20–22], numerical
estimates at few extra orders [20] and several terms for the large-coupling expansion around
graviton point j = 2 [8, 23–25].
Thus, the theory of anomalous dimensions of twist-two operators in the BFKL limit
seems to be well developed and it would be very interesting to bring the study of structure
constants up to the same level. The most direct way to find the structure constants in
the BFKL limit is to compute the correlation function of the corresponding three light-ray
operators. This was done in Refs. [26, 27] using the non-linear evolution equation for
color dipoles [28–30] and the result is that the structure constant is determined by so-called
three-pomeron vertex [31] projected onto Lipatov’s eigenfunctions of the BFKL kernel [32].
However, by this method it is possible to obtain structure constants only at ω1 = ω2+ω3 and
generalization to arbitrary ω’s requires the analysis of perturbative diagrams in the triple
Regge limit. It should be noted that the triple Regge limit is a somewhat novel regime of
resummation in perturbation theory. Roughly speaking, it describes the interaction of three
particles going with the speed near speed of light along x, y, and z directions. Such limit was
not studied in QCD (or any other QFT) except for Ref. [33] devoted to possible anomaly
coming from three pomerons interacting by quark exchange (in our LLA calculations quark
exchanges are neglected since they are subleading at high energies).
In this paper, following the logic of earlier papers [17, 26, 27], I calculate the correlator
of three light-ray operators (1.1) in the triple BFKL limit g2, ωi → 0 and g2ωi ∼ 1 in the
leading logarithmic approximation (LLA). The three light rays are collinear to three linearly
independent light-like vectors n1, n2, and n3. To simplify the complicated spin structure
of a general correlator of three light-ray operators, I place these operators on the same
line in the direction orthogonal to all ni, and integrate each light-ray operator along the
total translation in the corresponding ni direction. As demonstrated in Ref. [27], the
resulting correlator has only one tensor structure and computing the coefficient in front
of that structure is the aim of this paper. Moreover, since it is well known that in the
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LLA-Regge limit the contributions of gluino and scalar fields are sub-leading, the obtained
result for three-point correlator will be valid in QCD as well.
The paper is organized as follows. In Sect. 2 I recall the generic structure of 3-point
correlator for local twist-2 operators and present the form of the correlator of three “forward”
local operators integrated over the total translation in corresponding light-like directions.
This formula is generalized to correlator of three twist-two light-ray operators in Sect. 3. In
Sect. 4 I define “Wilson frame” operators and in Sect. 5 remind the calculation of two-point
correlator of these operators in the BFKL limit. In Sect. 6 which is central to this paper,
I calculate the correlator of three Wilson frames in the BFKL limit and present the result
for the structure constant. In the Conclusions section I discuss the obtained result and its
relation to the result of Ref. [26]. The Appendix contains derivations of technical results
used in Sect. 6.
2 3-point correlators and structure constants of “forward” operators
The general structure of 3-point correlators of local operators with spin was found in Ref.
[34] to be 1
〈Oj1n1(x)Oj2n2(y)Oj3n3(z)〉 =
∑
m12,m13,m23≥0
λm12,m23,m13
 ∆1 ∆2 ∆3j1 j2 j3
m23 m13 m12

where Oln(x) is a spin-l operator with indices contracted with light-like vector n, the square
brackets represent some tensor structures and the sum over mij goes over positive integers
satisfying certain inequalities. Following Refs. [26] and [27] I consider the correlator of
three “forward” operators integrated over corresponding light-like lines∫
dv1dv2dv3 〈Oj1n1(v1n1 + z1t)Oj2n2(v2n2 + z2t)Oj3n3(v3n3 + z3t)〉 (2.1)
where the transverse separations zit are orthogonal to all ni. It has been demonstrated in
Ref. [27] that after such integration all tensor structures collapse to one and we get:∫
dv1dv2 〈Ojn1(v1n1 + z1t)Oj
′
n2(v2n2 + z2t)〉 = δ(j − j′)
C(∆, j)sj−112
|z212t |∆−1
µ−2γ ,∫
dv1dv2dv3 〈Oj1n1(v1n1 + z1t)Oj2n2(v2n2 + z2t)Oj3n3(v3n3 + z3t)〉
= C(∆i, ji)
s
j1+j2−j3−1
2
12
|z12t |∆1+∆2−∆3−1
s
j1+j3−j2−1
2
13
|z13t |∆1+∆3−∆2−1
s
j2+j3−j1−1
2
23
|z23t |∆2+∆3−∆1−1
µ−γ1−γ2−γ3 (2.2)
where µ is the normalization point, sij ≡ −2ni · nj , zij ≡ zi − zj and ∆i are dimensions
(canonical di plus anomalous γi) of operators Oi.
1To save space, throughout the paper we use notation 〈O1(x1)...On(xn)〉 ≡ 〈T{O1(x1)...On(xn)}〉.
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As was mentioned in the Introduction, the most interesting operators for possible phe-
nomenological applications are the twist-two operators. The supermultiplet of twist-2 op-
erators in N = 4 SYM was explicitly constructed in Ref. [18]. In our case of “forward”
operators it reads
Sj1 = Ojg +
1
2
Ojλ −
1
2
Ojφ, Sj2 = Ojg −
1
2(j − 1)O
j
λ +
j + 1
6(j − 1)O
j
φ
Sj3 = Ojg −
j + 2
j − 1O
j
λ −
(j + 1)(j + 2)
2j(j − 1) O
j
φ (2.3)
where 2
Ojφ(xt) =
∫
du φ¯aAB∇jnφABa(un+ xt),
Ojλ(xt) =
∫
du iλ¯aA∇j−1n σnλaA(un+ xt)
Ojg(xt) =
∫
du F ani∇j−2n F ain (un+ xt), (2.4)
The operators (2.3) are multiplicatively renormalized operators with anomalous dimen-
sions
γS1j (αs) = 4[ψ(j − 1) + γE ] +O(α2s), γS2j = γS1j+2, γS3j = γS1j+4 (2.5)
As mentioned in the Introduction, the goal is to calculate the structure constant C in
Eq. (2.2) in the “triple BFKL limit” g2 → 0, ωi = ji − 1 → 0 but g2ωi ∼ 1. However, at
ω → 0 these gluon operators are no longer local. Instead, they are represented by so-called
light-ray operators discussed in the next Section.
3 Light-ray operators in the BFKL limit
3.1 Light-ray operators as an analytic continuation of local operators
Light-ray (LR) operators are defined as bilocal operators with light-like separation and
gauge links providing gauge invariance. For example, the gluon light-ray twist-two operator
is defined as
F aαξ(x)[x, y]
abF bξβ (y), (x− y)2 = 0 (3.1)
where the gauge link [x, y] is defined as
[x, y] ≡ Pexp{− igYM∫ 1
0
du (x− y)µAµ(ux+ (1− u)y)
}
(3.2)
These operators represent the sum of local operators of twist two convoluted with light-like
vector x−y. They possess extra UV divergencies in addition to usual self-energy and vertex
UV divergencies so they are defined with a set of counterterms and the dependence of this
counterterms on the UV cutoff defines the evolution equations for light-ray operators.
2We use metric gµν = (−1, 1, 1, 1) and the covariant derivative is ∇µ = (∂µ − igYM [Aµ,).
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The LR operator (3.1) can be interpreted as an analytic continuation of a local operator
to non-integer number of covariant derivatives. Indeed, if we can represent F anξ∇j−2n F aξn (0)
as
F anξ∇j−2n F aξn (0) =
Γ(j − 1)
2pii
∫
C
du u1−jF anξe
−u∇nF aξn (0)
=
Γ(j − 1)
2pii
∫
C
du u1−jF anξ(ux)[ux, 0]
abF bξn (0) (3.3)
where C is the contour of integration in Hankel’s formula for gamma-function. 3 At non-
integer j this formula can be simplified to
F anξ∇j−2n F aξn (0) =
1
Γ(2− j)
∫ ∞
0
du u1−jF anξ(ux)[ux, 0]
abF bξn (0)
⇒
∫ ∞
0
du u1−jF anξ(ux)[ux, 0]
abF bξn (0) = Γ(2− j)F anξ∇j−2n F aξn (0) (3.4)
At j = −12 + iς this light-ray operator realizes the principal series irreducible representation
of sl(2|4) with conformal spin J = j+1 = 12 +iς. Since it is well-defined at J = 12 +iς it can
be uniquely analytically continued to the whole complex plane of J and the continuation
to integer J = k + 1 gives local operator as a residue in the pole at j = k.
The generalization of supermultiplet of twist-two operators (2.3) to the case of complex
spin j was constructed in [17]. We defined “forward” parity-even light-ray operators as
F jn(xt) =
∫ ∞
0
dl l1−jFn(l, xt), Λjn(xt) =
∫ ∞
0
dl l−jΛn(l, xt)
Φjn(xt) =
∫ ∞
0
dl l−1−jΦn(l, xt) (3.5)
where
Fn(l, xt) =
∫
dv F anξ(ln+ vn+ xt)[l + v, v]
abF bξn (vn+ xt)
Λn(l, xt) =
i
2
∫
dv
[− λ¯aA(ln+ vn+ xt)[l + v, v]abx σnλbA(vn+ xt)
+ λ¯aA(vn+ xt)[v, l + v]
abσnλ
b
A(ln+ vn+ xt)
]
Φn(l, xt) =
∫
dv φaI (ln+ vn+ xt)[l + v, v]
ab
x φ
b
I(vn+ xt) (3.6)
where [u, v]x is a shorthand notation for [un + xt, vn + xt]. The corresponding renorm-
invariant light-ray operators are given by [17]
Sj1 = Fj −
j − 1
2
Λj − 1
2
j(j − 1)Φj , Sj2 = Fj +
1
2
Λj − j + 1
6
Φj
Sj3 = Fj + (j + 2)Λj −
(j + 1)(j + 2)
2
Φj (3.7)
3The path of integration starts at ∞ + i0 at the real axis, goes to  + i0, circles the origin in the
counterclockwise direction with radius  to the point − i0, and returns to the point ∞− i0.
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where the difference between the coefficients here and in Eq. (2.3) is due to Eq. (3.4).
It is demonstrated in Ref. [35] that analytic continuation of anomalous dimensions
of local operators Eq. (2.3) to non-integer j by integrals of DGLAP kernels gives the
anomalous dimensions of light-ray operators (3.7). Consequently, the anomalous dimensions
of light-ray operators (3.7) are related by the same Eq. (2.5) as local operators (2.3).
Since supersymmetric light-ray operators Sj are analytic continuation of local opera-
tors, one should expect the same formulas as (2.2) for correlators of local operators:
〈Sj(z1t)Sj′(z2t)〉 = δ(j − j′)C(j,∆)s
j−1
12
(z212t)
∆−1 µ
−2γ (3.8)
and
〈Sj1n1(z1t)Sj2n2(z2t)Sj3n3(z3t)〉
= C(∆i, ji)
s
j1+j2−j3−1
2
12
|z12t |∆1+∆2−∆3−1
s
j1+j3−j2−1
2
13
|z13t |∆1+∆3−∆2−1
s
j2+j3−j1−1
2
23
|z23t |∆2+∆3−∆1−1
µ−γ1−γ2−γ3 (3.9)
Note that from Eq. (3.4) we see that the canonical dimension of light-ray operators (3.5)
is j + 2.
As mentioned above, the goal of this paper is to find structure constants of operators
Sj1 in the BFKL limit g
2 → 0, ωi = ji−1→ 0, g2ωi ∼ 1. The important observation is that at
small ω it is sufficient to study the correlator of three gluon operators
∫
du F ani∇ω−1n F ain (un+
xt). Indeed, solving Eqs. (3.7) we see that
Fj =
Sj1 + ω
(
5+ω
6 S
j
1 +
(
6 + 132 ω +
3
2ω
2
)
Sj2 − 5+4ω6 Sj3
)
1 + 6ω + 6ω2 + 32ω
3
(3.10)
so at small ω = j − 1 the operator Sj1 is approximately equal to gluon operator F j .
3.2 Correlators of the light-ray operators in the BFKL limit: what to expect
As we noted above, the BFKL limit for light-ray operators (3.5) is ω = j − 1→ 0, g2 → 0
but g
2
ω ∼ 1. From Eq. (3.10) we see that in this limit only gluon light-rays survive so
hereafter we will identify Sω1 from Eq. (2.3) with Fω. It is well known that anomalous
dimension of light-ray operators Fω in the BFKL limit is given by the solution of equation
ω = ℵ(∆) where ∆ is the dimension of the operator and ℵ(∆) is the famous Pomeron
intercept
ω = ℵ˜(γ + ω) ⇒ γ = γ∗(ω, g2) (3.11)
where γ + ω = ∆− 3 and ℵ˜(γ) is the pomeron intercept
ℵ˜(γ, g2) = 4g2[2ψ(1)− ψ(− γ
2
)− ψ(1 + γ
2
)]
+ O(g4) (3.12)
At present, two more terms in the perturbative expansion of the intercept are known [20–22].
The coefficient C(ω,∆) in the BFKL limit was calculated in Ref. [17] (see also Eq.
(5.37) below)
C(j,∆) = 16g2N2c
21−2ξ∗pi
ξ∗2 sinpiξ∗Γ2
(
1− ξ∗2
)
Γ2
(
1
2 +
ξ∗
2
)ℵ′(ξ∗) (3.13)
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where ξ∗ = γ∗ + ω = ∆− 3.
As I mentioned in the Introduction, the goal of this paper is to obtain the structure
constant C(∆i, ji) in the triple BFKL limit g2 → 0, ω1 ∼ ω2 ∼ ω3 → 0, but g2ω ∼ 1. It will
be demonstrated that the structure constant as a function of g2 and ωi = ji − 1 has the
form
C(ji,∆i, g
2) (3.14)
=
iN2c ω1ω2ω3F
[
γ∗(ω1, g2), γ∗(ω2, g2), γ∗(ω3, g2)
]
pi3(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1)
[
1 +O(g2) +O(ωi) +O
( 1
N2c
)]
where function F (γ1, γ2, γ3) is given by a certain integral over two-dimensional coordinates
represented as a quartic Mellin-Barnes integral in Appendix 8.4. It should be noted that
the singularities (ωi−ωj −ωk)−1 are of general nature and come from the boost invariance
of the correlator (3.9) in the limit nj → nk [26], see the discussion in Appendix 8.3.
For the calculation of structure constants I use the method developed in Refs. [26] and
[27] based on calculation of correlators of “Wilson frames” operators which are basically
the light-ray operators with point-splitting UV regularization. It is explained in the next
Section.
4 Wilson frames
As we demonstrated in Ref. [17], one cannot study correlators of LR operators in the BFKL
approximation since the contribtions would be singular. Instead, one should consider the
“Wilson frame” - LR operator with the point splitting in the transverse direction, see e.g.
Fig. 1 for the gluon operator. We need the “forward” Wilson frame integrated over total
translation in the corresponding light-like direction
n
F  (x   +un+vn)n 2 t
i
F  (x   +vn)n i 1 t
Figure 1. Gluon “Wilson frame” operator
F jn (x1t, x2t) ≡
∫ ∞
0
du u1−jFn(u;x1t, x2t),
Fn(u;x1t, x2t) ≡
∫
dv 2Tr
{
Fnξ(x1t + un+ vn)[un+ vn+ x1t, vn+ x1t]
× [vn+ x1t, vn+ x2t]F ξn (x2t + vn)[x2t + vn, x2t + un+ vn]
}
. (4.1)
As x1t → x2t the Wilson-frame operator Fn(l;x1t, x2t) reduces to LR operator F(l, x1t)
defined in Eq. (3.6). Moreover, it is intuitively clear that the point splitting x12t serves as
an UV cutoff for the light-ray operator in this limit, at least in the leading log approximation.
One can define also gluino and scalar “Wilson frames” by similar formulas and write
down combinations but, as we mentioned above, we do not need their explicit form since at
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small ω’s everything is determined by gluon operators F j . Thus, we define Wilson-frame
operators (4.1) stretched in n1, n2 or n3 directions and calculate their correlator at small
ωi
It should be emphasized that narrow Wilson-frame operators are approximately con-
formally invariant: if one makes the inversion around the point (0, 0, 0, at) one gets the long
and narrow Wilson frame with somewhat distorted ends, see Fig. 2. However, since we
F  (x  )n 2
i
F  (x  )n i 1
iF  (x’ )n 2
F  (x’ )n i 1
Figure 2. Transformation of Wilson frame under inversion xµ → xµ/x2
are calculating the correlators of Wilson frames in the leading BFKL approximation, the
logarithmic integrals are determined by the whole range of integration over u and small
corrections at the fringes can be neglected in the leading-log approximation. Thus, one
should expect the conformal formulas for the two- and three- point correlators of Wilson
frames in the limit of small width of frames of the same form as Eqs. (3.8) and (3.9).〈F jn1(zt + wt2 , zt − wt2 )F j′n2(z′t + w′t2 , z′t − w′t2 )〉 wt,w′t→0= δ(ν − ν ′) C(ν,∆)|zt − z′t|2∆(j) |wtw′t|γ(j)
(4.2)
and〈F j1n1(z1t + w1t2 , z1t − w1t2 )F j2n2(z2t + w2t2 , z2t − w2t2 )F j3n3(z3t + w3t2 , z3t − w3t2 )〉 (4.3)
wit→0= C(∆i, ji)
s
j1+j2−j3−1
2
12 |w1t |γ(j1)
|z12t |∆(j1)+∆(j2)−∆(j3)−1
s
j1+j3−j2−1
2
13 |w2t |γ(j2)
|z13t |∆(j1)+∆(j3)−∆(j2)−1
s
j2+j3−j1−1
2
23 |w3t |γ(j3)
|z23t |∆(j2)+∆(j3)−∆(j1)−1
with point-splitting distances wt serving as UV cutoffs similar to cutoff µ for the light-ray
operators in Eqs. (3.8) and (3.9).
Our goal is the three-point formula (4.3) but first I remind the derivation of the BFKL
asymptotics of two-point correlator (4.2) obtained in Ref. [17] which will serve as a building
block for three-frame calculation.
5 Correlator of two Wilson frames in the BFKL limit
The CF of two Wilson-frame operators in Regge kinematics is calculated in the same way
as four-point correlator of local operators 〈T{O(x1)O(x2)O(y1)O(y2)}〉 in the Regge limit
x1n1 , y1n2 → ∞, x2n1 , y2n2 → −∞ and the rest of coordinates fixed. (Hereafter I use the
notation xn ≡ x · n). Let me remind the essential steps of such calculation (see e.g. Ref.
[36]).
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5.1 Rapidity factorization for 4-point correlators in the Regge limit.
Let us consider the correlator of four scalar operators 4
A(x1, x2, x3, x4) ≡ µ−4(µ4x212x234)2+γo〈T{O(x1)O(x2)O(x3)O(x4)}〉
x1 = u1n1 + x1⊥ , x2 = v1n1 + x2⊥ , x3 = u2n2 + x1⊥ , x4 = v2n2 + x4⊥ (5.1)
where γo is the anomalous dimension of O. In the Regge limit s12 = −2n1 · n2 → ∞ and
xi⊥ fixed. The amplitude (5.1) is a function of two conformal ratios which can be chosen
in the Regge limit as
R =
x213x
2
24
x212x
2
34
' u1u2v1v2s
2
12
x212tx
2
34t
,
r = R
[
1− x
2
14x
2
23
x213x
2
24
+
1
R
]2 ' (u1u2x234⊥ + v1v2x212⊥ − u1v2x223⊥ − v1u2x214⊥)2
u1u2v1v2x212tx
2
34⊥
(5.2)
so that R increases with “energy” s12 = −2n1 · n2 while r is energy-independent. 5 This
corresponds to the momentum-space definition of Regge limit s/m2⊥  1 where m2⊥ is
a characteristic mass scale of the process, in our case the scale of inverse characteristic
transverse distances.
In general, the calculation of particle scattering in the Regge limit is based on the
rapidity factorization of the amplitude into the product of “projectile impact factor” with
rapidities close to those of the projectile particle, “target impact factor” with rapidities close
to the those of the target, and scattering of color dipoles encompassing the rapidities in the
region between projectile and the target. Technically, one expands the T{O(x1)O(x2)} in
>Y>YA YB
xy
y’ x’
spectator 
target
impact factor
dipole−dipole
impact factor
scattering
x’y’
xy
Y YA
Y YB
Figure 3. Rapidity factorization for 4-point correlator in the Regge limit
4For definiteness, one may think about Konishi operator O = φaIφaI .
5To avoid confusion, we reserve the notation at for the component of the vector a orthogonal to three
light-like vectors n1, n2, n3 and use the notation a⊥ when we discuss components orthogonal to the two
light-like vectors n1 and n2.
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the set of Wilson-line operators with the first being so-called “color dipole” U(z1⊥ , z2⊥)
T{O(x1)O(x2)} =
∫
d2z1⊥d
2z2⊥ I(x1, x2; z1⊥ , z2⊥)Tr{U(z1⊥)U †(z2⊥)}+ ...
U(z1⊥ , z2⊥) ≡ 1−
1
Nc
Tr{U(z1⊥)U †(z2⊥)} (5.3)
where integration goes over z⊥ orthogonal to both n1 and n2, the Wilson line U is defined
as
U(z⊥) ≡ [∞n1 + z⊥,−∞n1 + z⊥] (5.4)
and dots stand for higher orders of perturbation theory and more Wilson lines. The ra-
pidities6 inside the color dipole should be cut from above by characteristic rapidities in
the integrals forming the impact factor. To ensure conformal invariance of the rapidity
factorization, one should expand in “ composite conformal dipoles” introduced in Ref. [37].
T{O(x1)O(x2)} =
∫
d2z1⊥d
2z2⊥ I(x1, x2; z1⊥ , z2⊥)UYAconf(z1, z2) + ... (5.5)
where
UYconf(z1, z2) = 1−
1
Nc
Tr{U(z1⊥)U †(z2⊥)} + αs × (four Wilson lines correction) (5.6)
is a conformal composite dipole and YA = 12 ln
4x1n2x2n2
s12x212t
is the conformally invariant rapidity
cutoff. The explicit form of the 4-lines correction is presented in Ref. [37] , but we do not
need it for the leading BFKL logs.
Since we are interested in Regge asymptotics, it is sufficient to consider highest eigen-
value of BFKL intercept with spin 0. Defining a projection of the conformal dipole (5.6)
on Lipatov’s eigenfunctions [32] with spin 0, we get
UYconf(ν, z0) ≡
1
pi2
∫
d2z1d
2z2
z412
( z212
z210z
2
20
) 1
2
−iν UYconf(z1, z2)
UYconf(z1, z2) =
∫ ∞
−∞
dν
ν2
pi2
∫
d2z0
( z212
z210z
2
20
) 1
2
+iνUYconf(ν, z0) + higher spins (5.7)
and therefore one can rewrite Eq. (5.5) as follows
T{O(x1)O(x2)} =
∫
d2z0
∫
dν IA(ν)
[
x212x1n2x2n2
(x1−z0)2⊥
x1n2
− (x2−z0)2⊥x2n2
] 1
2
+iν
UYAconf(ν, z0). (5.8)
Repeating the same expansion for the “target” we get
T{O(x3)O(x4)} =
∫
d2z0
∫
dν IA(ν)
[
x234x3n1x4n1
(x3−z0)2⊥
x3n1
− (x4−z0)2⊥x4n1
] 1
2
+iν
VYBconf(ν, z0). (5.9)
6The definition of rapidity for the particle with momentum k = αn1 + βn2 + k⊥ is Y ≡ 12 ln αβ .
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where YB = 12 ln
4x3n1x4n1
s12x234⊥
and the conformal dipole VYBconf(ν, z0) is defined as
VYBconf(ν, z0) ≡
1
pi2
∫
d2z3d
2z4
z434
( z234
z230z
2
40
) 1
2
−iν VYBconf(z3, z4)
VYBconf(z3⊥ , z4⊥) ≡ 1−
1
Nc
Tr{V (z3⊥)V †(z4⊥)}YBconf (5.10)
where Wilson lines V are ordered along n2 direction
V (z⊥) ≡ [∞n2 + z⊥,−∞n2 + z⊥] (5.11)
Now the 4-point CF can be represented as an integral of the product of two impact
factors IA(ν), IB(ν ′) and the amplitude of scattering of two color dipoles. In the leading
BFKL approximation this amplitude has the form (αs ≡ g
2
YM
4pi )
〈UYAconf(ν, z0)VYBconf(ν ′, z′0)〉 = −
α2s(N
2
c − 1)
4N2c
eℵ(ν,g
2) lnYAYB (5.12)
× 16pi
2
ν2(1 + 4ν2)2
[
δ(z0 − z′0)δ(ν + ν ′) +
21−4iνδ(ν − ν ′)
pi|z0 − z′0|2−4iν
Γ
(
1
2 + iν
)
Γ(1− iν)
Γ(iν)Γ
(
1
2 − iν
) ].
where
ℵ(ν, g2) = 4g2[2ψ(1)− ψ(1
2
+ iν
)− ψ(1
2
− iν)] + O(g4) (5.13)
is the pomeron intercept (3.12).
As I mentioned in the Introduction, in QCD only the α2s correction is known [19] while
in N = 4 SYM the g6 term is known analytically [20–22] and many more can be calculated
numerically [20] using Quantum Spectral Curve method [38].
Assembling the result for the 4-point CF(5.1) one gets the result in the form of general
formula [39] for correlators in the “Regge + large Nc” limit
A(xi)
s12→∞=
i
2
∫
dν f+(ℵ(g2, ν))F (g2, ν)Ω(r, ν)Rℵ(g2,ν)/2 (5.14)
where f+(ℵ) = eipiℵ−1sinpiℵ is a signature factor and
Ω(r, ν) =
ν
2pi2
sin 2νρ
sinh ρ
, cosh ρ =
√
r
2
(5.15)
is a solution of the Laplace equation in H3 hyperboloid (∂2H3 + ν
2 + 1)Ω(r, ν) = 0. The
dynamics is described by the pomeron intercept ℵ(g2, ν) and the “pomeron residue” F (g2, ν).
The formula (5.14) was proved in [39] (see also [23]) by considering the leading Regge pole
in a conformal theory. Also, it was demonstrated up to the NLO level that the structure
(5.14) is reproduced by the high-energy OPE in Wilson lines [28, 40, 41].
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5.2 Correlator of two Wilson frames in the Regge limit
The Regge limit for CF of two Wilson-frame operators means that longitudinal length of
frame is much greater than the transverse separation between the frames and the width of
frames is even less. As we mentioned, at small frame widths the frames are approximately
conformally invariant so one may expect that the general formula (5.14) is applicable. At
x212, x
2
34 → 0 one gets
r → (u1 − v1)
2(u2 − v2)2x413⊥
u1v1u2v2x212⊥x
2
34⊥
(5.16)
and
Ω(r, ν) → ν
2pi2i
(
r−
1
2
+iν − r− 12−iν) (5.17)
Moreover, if we consider “forward” correlation function
A(l, l′;x1⊥ , x2⊥ , x3⊥ , x4⊥) (5.18)
≡
∫ ∞
0
dv1dv2 A(ln1 + v1n1 + x1⊥ , v1n1 + x2⊥ , l
′n2 + v2n2 + x3⊥ , v2n2 + x4⊥)
the Eq. (5.14) reduces to
A(l, l′;x1⊥ , x2⊥ , x3⊥ , x4⊥)
x212⊥ ,x
2
34⊥→0= ll′i
∫
dν Φ(ν, g2) (5.19)
×
(x212⊥x234⊥
x413⊥
) 1
2
+iν( l2l′2
x212⊥x
2
34⊥
)ℵ(ν,g2)/2
f+(ℵ)
As noted in Sect. 4, at small widths Wilson frames are approximately conformally
invariant so we need to obtain the representation of Eq. (5.19) type for the correlator
〈Fn1
(
l; zt +
wt
2
, zt − wt
2
)Fn2(l′; z′t + w′t2 , z′t − w′t2 )〉 (5.20)
at l, l′ →∞ (which corresponds to j → 1⇔ ω → 0 after integration over l, l′). In Ref. [17]
we performed calculation of CF of two Wilson-frame operators
〈Fn1
(
l; zt +
wt
2
, zt − wt
2
)Fn2(l′; z′t + w′t2 , z′t − w′t2 )〉 (5.21)
in Regge kinematics in the same way as four-point correlator of local operators. In this
Section I’ll reproduce that calculation in a slightly different way useful for considering 3-
frame correlator in the next Section.
We introduce some “rapidity divide” Y0 between YA and YB and integrate between YA
and Y0 and between Y0 and YB in the leading BFKL approximation. After that, we need
to convolute the results with the leading order dipole-dipole scattering amplitude.
The first step is the expansion of Wilson frame in color dipoles. The impact factor
for Wilson frame, i.e. the coefficient of expansion of “Wilson frame” in color dipoles was
calculated in Ref. [17]
Fn(l;x⊥, y⊥) = N
2
c
4pi3l
∫
d2z⊥
{
1− U(x⊥, z⊥)− U(z⊥, y⊥) (5.22)
+ U(x⊥, z⊥)U(z⊥, y⊥) + O
( 1
Nc
)}YA[ 2
(x− z)2⊥(y − z)2⊥
− 4(x− z, y − z)
2
⊥)
(x− z)4⊥(y − z)4⊥
]
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AY
BY
n1
n2
z1
z2
z
z
3
4
Y0
AY  >Y >Y0
0Y  >Y >YB
Figure 4. Correlator of two Wilson frames in the Regge limit
where the rapidity cutoff is
YA =
1
2
ln
l2s12
(x− y)2⊥
(5.23)
by analogy with four-point correlator. 7 As explained in Ref. [17], in order to calculate
the correlator of two Wilson frames we need to take into account only the linear terms in
Eq. (5.22) so we can neglect the last quadratic term. To get the evolution of dipoles in
Eq. (5.22) from YA to Y0 we project onto Lipatov’s eigenfunctions, i.e.. rewrite in terms of
conformal dipoles and evolve these conformal dipoles in the leading BFKL order.
The projection of Eq. (5.22) on Lipatov’s eigenfunctions with spin 0 reads
Fn(l;x⊥, y⊥) (5.24)
= − N
2
c
4pi3l
∫
dν
ν2
pi2
∫
d2z0 Uaconf(ν, z0)
∫
d2z⊥
[ 2
(x− z)2⊥(y − z)2⊥
− 4(x− z, y − z)
2
⊥)
(x− z)4⊥(y − z)4⊥
]
×
[( (x− z)2⊥
(x− z0)2⊥(z − z0)2⊥
) 1
2
+iν
+
( (y − z)2⊥
(y − z0)2⊥(z − z0)2⊥
) 1
2
+iν]
=
Nc
pi2l
∫
dν
ν2
pi2
1
2 + iν
1
2 − iν
∫
d2z0
[ 2(x− z0, y − z0)2⊥
(x− z0)2⊥(y − z0)2⊥
− 1
] [(x− y)2⊥]− 12+iνUconf(ν, z0)YA
[(x− z0)2⊥]
1
2
+iν [(y − z0)2⊥]
1
2
+iν
where we used Eq. (4.11) from Ref. [17] to get the last line.
Moreover, in the limit of narrow Wilson frame (x − y)⊥ → 0 the integral in the r.h.s.
of the above equation can be simplified. Using Eqs. (C.4) and (C.6) from Ref. [17] one
7Strictly speaking, by analogy with four-point correlator we get 1
2
ln u(u+l)s12
(x−y)2⊥
with additional intergation
over u. However, in Ref. [17] it was demonstrated that in the leading log approximation this cutoff can be
replaced by (5.23).
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easily obtains∫
d2z0
[ 2(x− z0, y − z0)2⊥
(x− z0)2⊥(y − z0)2⊥
− 1
] [(x− y)2⊥] 12+iν
[(x− z0)2⊥]
1
2
+iν [(y − z0)2⊥]
1
2
+iν
( z212
z210z
2
20
) 1
2
−iν
x→y
=
ipi
2ν
(
1
2 − iν
)2(
1
2 + iν
)2 24iν Γ
(
1
2 − iν
)
Γ(iν)
Γ
(
1
2 + iν
)
Γ(−iν)
( |x− y|2z212
(x− z1)2(x− z2)2
) 1
2
−iν
− ipi
2ν
2−4iν
Γ
(
1
2 + iν
)
Γ(−iν)
Γ
(
1
2 − iν
)
Γ(iν)
( |x− y|2z212
(x− z1)2(x− z2)2
) 1
2
+iν
(5.25)
Recalling the definition (5.7) of Uconf and substituting Eq. (5.25) in Eq. (5.24) one gets
Fn
(
l; zt +
wt
2
, zt − wt
2
)
=
iN2c
pi3l
∫
dν ν
2−4iνΓ
(
3
2 + iν
)
Γ(1− iν)
Γ
(
3
2 − iν
)
Γ(1 + iν)
(w2t )
− 1
2
+iνUYAconf(zt,−ν)
(5.26)
The BFKL evolution of a conformal dipole reads
UYAconf(ν, z0) = e(YA−Y0)ℵ(ν)UY0conf(ν, z0) (5.27)
so the result of integration over rapidities in the region YA > Y > Y0 is
Fn1
(
l; zt +
wt
2
, zt − wt
2
)
=
iN2c
pi3l
∫
dν ν
2−4iνΓ
(
3
2 + iν
)
Γ(1− iν)
Γ
(
3
2 − iν
)
Γ(1 + iν)
(w2t )
− 1
2
+iνe(YA−Y0)ℵ(ν,g
2)UY0conf(zt,−ν) (5.28)
where YA = ln l + 12 ln
s12
w2t
.
Repeating the same procedure for the bottom part of the diagram in Fig. 4 one obtains
the result of integration over rapidities Y0 > Y in the form 8
Fn2
(
l′; z′t +
w′t
2
, z′t −
w′t
2
)
(5.29)
=
iN2c
pi3l′
∫
dν ′ ν ′
2−4iν′Γ
(
3
2 + iν
′)Γ(1− iν ′)
Γ
(
3
2 − iν ′
)
Γ(1 + iν ′)
(w′2t )
− 1
2
+iν′e(Y0+YB)ℵ(ν
′,g2)VY0conf(z′t,−ν ′)
where YB = ln l′ + 12 ln
s12
w′2t
.
Using now the result for scattering of color dipoles in the leading perturbative order 9
〈UY0conf(−ν, z0)VY0conf(−ν ′, z′0)〉 (5.30)
= − α2s
4pi2
(
1− 1
N2c
)
ν2(1 + 4ν2)2
[
δ(z0 − z′0)δ(ν + ν ′)− iν
21+4iνδ(ν − ν ′)
pi|z0 − z′0|2+4iν
Γ
(
1
2 − iν
)
Γ(1 + iν)
Γ(1− iν)Γ(12 + iν)
]
.
8The difference in signs of YA and YB in Eqs. (5.28) and (5.29) is due to the fact that replacement
n1 ↔ n2 should be accompanied by changing the sigh of the rapidity: ln βα = − ln αβ .
9As usual, we stop the evolution of color dipoles from upper and lower parts of the diagram in Fig. 4
at the points Y0 + δ and Y0 − δ. The small δ is such that the relative energy sδ = m2⊥e2δ is greater than
the characteristic transverse scale m2⊥ but g
2 ln sδ
m2⊥
= 2g2δ  1. In this case, one does not need to include
evolution between Y0 + δ and Y0 − δ but can still use the three-level formula
〈U(z1⊥ , z2⊥)V(z3⊥ , z4⊥)〉 = − (1−
1
N2c
)
α2s
8
ln2
z213⊥z
2
24⊥
z214⊥z
2
23⊥
which translates to Eq. (5.30) after projection on spin-0 eigenfunctions.
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we get the result for correlator of two Wilson frames in the form of Eq. (5.19) type
〈Fn1
(
l; zt +
wt
2
, zt − wt
2
)Fn2(l′; z′t + w′t2 , z′t − w′t2 )〉
= − ig
2N2c
pi3ll′
∫
dν
23−4iνν(
1
2 + iν
)(
1
2 − iν
)3 Γ
(
3
2 + iν
)
Γ(1− iν)
Γ
(
3
2 − iν
)
Γ(1 + iν)
(w2tw
′2
t )
− 1
2
+iνe(YA+YB)ℵ(ν,g2)
([zt − z′t)2]1+2iν
= − ig
2N2c
pi3ll′
∫
dν
23−4iνν(ll′s12)ℵ(ν)(
1
2 + iν
)(
1
2 − iν
)3 Γ
(
3
2 + iν
)
Γ(1− iν)
Γ
(
3
2 − iν
)
Γ(1 + iν)
(w2tw
′2
t )
− 1
2
+iν− 1
2
ℵ(ν,g2)
[(zt − z′t)2]1+2iν
(5.31)
Note that the “rapidity divide” Y0 disappeared from the result. Moreover, the scattering
amplitude (5.31) depends only on product of l and l′ which is a reflection of boost invariance
of the original amplitude (4.1): it is easy to see that if one makes boost n1 → λn1 and
n2 → 1λn2 the correlator (4.1) does not change. Now we shall see that this property leads
to the δ-function in the correlator (4.2).
Indeed, the integral over l and l′ have the form
〈F jn1
(
zt +
wt
2
, zt − wt
2
)F j′n2(z′t + w′t2 , z′t − w′t2 )〉 = − ig2N2cpi3
∫ ∞
0
dldl′ l−jl′−j
′
(5.32)
× θ
(
ll′ − (zt − z
′
t)
2
s12
)∫
dν
ν23−4iν(ll′s12)ℵ(ν,g
2)(
1
2 + iν
)(
1
2 − iν
)3 Γ
(
3
2 + iν
)
Γ(1− iν)
Γ
(
3
2 − iν
)
Γ(1 + iν)
(w2tw
′2
t )
− 1
2
+iν− 1
2
ℵ(ν,g2)
[(zt − z′t)2]1+2iν
where the factor θ
(
ll′− (zt−z′t)2s12
)
comes from the restriction that the longitudinal size of two
Wilson frames should be greater than the relative transverse separation. 10
Performing the integration over l and l′ one obtains where j = 12 + iς and j
′ = 12 + iς
′.
〈F jn1
(
zt +
wt
2
, zt − wt
2
)F j′n2(z′t + w′t2 , z′t − w′t2 )〉 = − iδ(ς − ς ′)g2N2cpi2
∫ ∞
−∞
dν
1
ω − ℵ(ν, g2)
× ν2
4−4iνsω12(
1
2 + iν
)(
1
2 − iν
)3 Γ
(
3
2 + iν
)
Γ(1− iν)
Γ
(
3
2 − iν
)
Γ(1 + iν)
(w2tw
′2
t )
− 1
2
+iν− 1
2
ℵ(ν,g2)
[(zt − z′t)2]j+2iν−ℵ(ν,g2)
(5.33)
Next, we analytically continue this formula to small ω = j−1. To estimate this integral
at small ω’s it is convenient to rewrite it in the variable ξ = 2iν − 1.
〈F jn1
(
zt +
wt
2
, zt − wt
2
)F j′n2(z′t + w′t2 , z′t − w′t2 )〉 = δ(ς − ς ′)g4N2c
∫ −1+i∞
−1−i∞
dξ
2pii
1
ω − ℵ˜(ξ, g2)
× 2
5−2ξpisω12
ξ2 sinpiξΓ2
(
1− ξ2
)
Γ2
(
1
2 +
ξ
2
) (w2tw′2t ) ξ−ℵ˜(ξ,g2)2
[(zt − z′t)2]2+ω+ξ−ℵ˜(ξ,g2)
(5.34)
The notation here is
ℵ˜(ξ, g2) ≡ ℵ(− i1 + ξ
2
, g2
)
= 4g2
[
2ψ(1)− ψ(− ξ
2
)− ψ(1 + ξ
2
)]
+ O(g4) (5.35)
and we often omit the g2 dependence to avoid cluttering of the formulas.
10This the s m2⊥ requirement for applicability of BFKL approximation recast in the coordinate-space
language, see the discussion in Ref. [17].
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At small w2t , w′
2
t we can close the contour of ξ integration on the residues in the right
half-plane. The two leading poles are located at ξ∗ = ℵ˜−1(ω) and ξ = 0. Let us consider
them in turn. Taking residue at ξ∗ = ℵ˜−1(ω, g2) we get
〈F jn1
(
zt +
wt
2
, zt − wt
2
)F j′n2(z′t + w′t2 , z′t − w′t2 )〉
= δ(ς − ς ′)g2N2c
25−2ξ∗pisω12
ξ∗2 sinpiξ∗Γ2
(
1− ξ∗2
)
Γ2
(
1
2 +
ξ∗
2
)ℵ′(ξ∗) (w
2
tw
′2
t )
ξ∗−ω
2
[(zt − z′t)2]2+ξ∗
(5.36)
Comparing this equation to general form of two-point correlator of light-ray operators (3.8)
we see that ξ∗ − ω can be identified with anomalous dimension γ so we finally get [17]
〈F jn1
(
zt +
wt
2
, zt − wt
2
)F j′n2(z′t + w′t2 , z′t − w′t2 )〉
= δ(ς − ς ′)g2N2c
25−2ξ∗pisω12
ξ∗2 sinpiξ∗Γ2
(
1− ξ∗2
)
Γ2
(
1
2 +
ξ∗
2
)ℵ′(ξ∗) (w
2
tw
′2
t )
γ∗
2
[(zt − z′t)2]2+ω+γ∗
(5.37)
where γ∗ is a solution of the equation (3.11) and ξ∗ = γ∗ + ω = ∆− 3.
Note that this formula is actually at the NLO level: in the leading log approximation
we just get ω = ℵ(γ∗) and [(z − z′)2t ]−2−γ∗ in the r.h.s. of Eq. (5.37). The reason that we
got the NLO equation (3.11) is that we used YA = ln l+ 12 ln s12m
2
⊥− 12 lnm2⊥w2t where the
last term exceeds the LLA accuracy. As demonstrated in Ref. [17], we can do this using
the exact formula for the 4-point correlator (5.14). Unfortunately, for the 6-point correlator
there is no such formula so we cannot promote our LO BFKL calculation to the NLO level.
At g2  ω  1 we get ξ∗ ' −8g2ω (recall that ℵ(ξ) ' −8g
2
ξ at small ξ) and therefore
the result (5.37) takes the form
〈F jn1
(
zt +
wt
2
, zt − wt
2
)F j′n2(z′t + w′t2 , z′t − w′t2 )〉
' − δ(ω − ω′) N
2
c ωs
ω
12
2pi[(zt − z′t)2]2+ω
((zt − z′t)2
|wtw′t|
) 8g2
ω
+ω
(5.38)
which agrees with Eq. (4.17) from Ref. [17].
Let us consider now the pole at ξ = 0. At small ξ
1
ω − ℵ˜(ξ) '
ξ
8g2
(
1− ξω
8g2
+ ...
)
(5.39)
so the residue at ξ = 0 yields
δ(ω − ω′) ωs
ω
12N
2
c
2pi[(zt − z′t)2]2+ω
[
1 +
8g2
ω
ln
(zt − z′t)2
|wtw′t|
]
(5.40)
Thus, the result for diagrams in Fig. 4 is a sum of Eq. (5.37) and Eq. (5.40). However,
there are two low-order diagrams shown in Fig. 5 that are not included in this result
since the formula (5.22) is correct starting from the second order of perturbation theory.
These diagrams should cancel the contribution of the ξ = 0 pole (5.40) so the final result
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(a) (b)
+ perm.
Figure 5. First (a) and second (b) order diagrams for the correlator of two Wilson frames
(5.37) has proper conformal behavior. The tree-level diagram in Fig. 5a is calculated in
the appendix A and the result (8.13) is minus the first term in the square brackets in Eq.
(5.40). Similarly, the contribution of diagrams in Fig. 5b should cancel the second term so
the contribution of all diagrams (in Fig.5 and Fig. 4) is given by Eq. (5.37).
6 Correlator of three Wilson frames in the triple Regge limit
6.1 Triple BFKL evolution
To get the structure constant in Eq. (3.9) at ωi → 0 we will consider the correlator of three
gluon Wilson frames aligned along n1, n2, and n3 directions:〈F j1n1(z1t + w1t2 , z1t − w1t2 )F j2n2(z2t + w2t2 , z2t − w2t2 )F j3n3(z3t + w3t2 , z3t − w3t2 )〉(6.1)
A typical diagram is shown in Fig. 6.
n1
n2
n3
z’1
z2
z’2
z’3
z1
3z
Figure 6. Correlator of three Wison frames
As usual, we assume that longitudinal lengths of frames are much greater than the
transverse separations between the frames and those separations are much greater than
widths of the frames. The form of the three-point correlators of light-ray operators (3.9)
suggests that this correlator is determined by three BFKL evolutions. It will be demon-
strated in this Section.
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The method to obtain BFKL asymptotics of a scattering amplitude by evolution of
Wilson lines is the following. In a typical amplitude like shown in Fig. 7a we separate
the (gluon) fields according to their rapidity, using the fact that particles with different
rapidities perceive each other as Wilson lines, and study the evolution of these Wilson lines
with respect to rapidity cutoff. Since we have now three light-like directions, it is convenient
to introduce “triple Sudakov variables”
k = αn1 + βn2 + γn3 + kt, d
4k =
√
s12s13s23
2
dαdβdγdkt (6.2)
and consider factorization in all three of them. 11
Similarly to the analysis of amplitudes in the usual Regge regime we assume that all
k2t ∼ m2⊥ wherem2⊥ is of of order of (inverse) transverse separations between Wilson frames.
Also, we assume that all sij are of the same order of magnitude s m2⊥.
The key observation is that as long as there is a sufficient rapidity space for the evolution
of each of Wilson frames these evolutions are the same as for the two-point correlator of
Wilson lines. To demonstrate this, consider the evolution of n1-parallel Wilson frame
schematically depicted by the upper gluon ladder in Fig. 7b. It is convenient to relate
Figure 7. Triple BFKL evolution.
“triple Sudakov” variables (6.2) to usual Sudakov variables
k = α˜n1 + β˜n˜1 + k⊥ (6.3)
where we chose the second light-like vector as
n˜1 =
s13
2s23
n2 +
s12
2s23
n3 − n1
4
(6.4)
so that −2n1 · n˜1 ≡ s˜ = s12s13s23 . We can rewrite Eq. (6.3) as follows
k = α˜n1 + β˜n˜2 + k˜e˜+ ktet (6.5)
11As defined in Sect. 2, ni are light-like vectors with sij = −2ni · nj and kt is orthogonal to all three of
them
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where
e˜ ≡
(
n2
√
s13
s12s23
− n3
√
s12
s13s23
)
, e˜2 = 1 (6.6)
The relation between variables (6.2) and (6.3) is
α˜ = α+
β˜
4
, β˜ = β
s23
s13
+ γ
s23
s12
, k˜ =
1
2
√
s23
s12s13
(βs12 − γs13) (6.7)
As we will demonstrate below, characteristic k˜ are of order of m⊥ (see Eq. (6.31)) so we
can define
k2⊥ ≡ k2t + k˜2 ∼ m2⊥ (6.8)
In terms of these variables
k2 = k2⊥ − α˜β˜s˜ (6.9)
and the evolution of the n1-parallel Wilson lines looks like the evolution considered in Sect.
5.2 for the two-point correlator of Wilson frames. Thus, we can recycle the result (5.28)
Fn1
(
l1;x1t +
w1t
2
, x1t − w1t
2
)
(6.10)
=
iN2c
pi3l1
∫
dν1 ν1
2−4iν1Γ
(
3
2 + iν1
)
Γ(1− iν1)
Γ
(
3
2 − iν1
)
Γ(1 + iν1)
(w21t)
− 1
2
+iν1e(Y1−Y
′
1)ℵ(ν1)UY ′1conf(x1t,−ν1)
where in the LLA Y1 = 12 ln
l21 s˜
w21t
' ln l1 + 12 ln s˜m2⊥ and Y ′1 is the rapidity (12 ln α˜β˜ ) at which
we stop the evolution.
To strengthen these coordinate-space arguments in favor of BFKL evolution in the
triple Regge limit, it is shown in the Appendix 8.1 that the standard momentum-space
calculation of one-loop diagrams in the triple Regge limit reproduces the first rung of the
BFKL ladder for color dipoles.
It should be noted that the arguments in favor of BFKL evolution in the triple Regge
limit presented above are somewhat general, so in the Appendix 8.1 I confirm them by a
standard momentum-space calculation of one-loop diagrams in the triple Regge limit which
reproduces the first rung of the BFKL ladder for color dipoles.
The explicit form of the conformal dipole (5.7) in the coordinates zt and z˜ reads 12
Uaconf(ν1, x1t) ≡
1
pi2
∫
dz1tdz˜1dz2tdz˜2
(z212t + z˜
2
12)
2
(6.11)
×
( z212t + z˜212
[(x1 − z1)2t + z˜21 ][(x1 − z2)2t + z˜22 ]
) 1
2
−iν1 Ua(z1tet + z˜1e˜, z2tet + z˜2e˜)
Repeating the same procedure for the frame parallel to n2 we get
Fn2
(
l2;x2t +
w2t
2
, x2t − w2t
2
)
(6.12)
=
iN2c
pi3l2
∫
dν2 ν2
2−4iν2Γ
(
3
2 + iν2
)
Γ(1− iν2)
Γ
(
3
2 − iν2
)
Γ(1 + iν2)
(w22t)
− 1
2
+iν2e(Y2−Y
′
2)ℵ(ν2)VY ′2conf(x2t,−ν2)
12As mentioned above, in the LLA Uconf(z1, z2) can be replaced by U(z1, z2).
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Here Y2 ' ln l2 + 12 ln s˘m2⊥, Y ′2 is the rapidity at which we stop the evolution and
Vaconf(ν2, x2t) ≡
1
pi2
∫
dz3tdz˘3dz4tdz˘4
(z234t + z˘
2
34)
2
(6.13)
×
( z234t + z˘234
[(x2 − z3)2t + z˘23 ][(x2 − z4)2t + z˘24 ]
) 1
2
−iν2 Va(z3tet + z˘3, z4tet + z˘4)
where V is the conformal dipole with Wilson lines parallel to n2 and
e˘ ≡
(
n3
√
s12
s13s23
− n1
√
s23
s12s13
)
, s˘ ≡ s12s23
s13
(6.14)
Note that the transverse plane et, e˘ for the evolution of second frame is different from the
transverse plane et, e˜ for the first frame.
Similarly one can get the result for the evolution of the third frame in the form
Fn3
(
l3;x3t +
w3t
2
, x3t − w3t
2
)
(6.15)
=
iN2c
pi3l3
∫
dν3 ν3
2−4iν3Γ
(
3
2 + iν3
)
Γ(1− iν3)
Γ
(
3
2 − iν3
)
Γ(1 + iν3)
(w23t)
− 1
2
+iν3e(Y3−Y
′
3)ℵ(ν3)WY ′3conf(x3t,−ν3)
Here Y3 ' ln l3 + 12 ln sˇm2⊥, Y ′3 is the rapidity at which we stop the evolution and
Waconf(ν3, x3t) ≡
1
pi2
∫
dz5tdzˇ5dz6tdzˇ6
(z256t + zˇ
2
56)
2
(6.16)
×
( z256t + zˇ256
[(x3 − z5)2t + zˇ25 ][(x4 − z6)2t + zˇ26 ]
) 1
2
−iν3 Wa(z5tet + zˇ5, z6tet + zˇ6)
where W is the conformal dipole with Wilson lines parallel to n3 and
eˇ ≡
(
n1
√
s23
s12s13
− n2
√
s13
s12s23
)
, sˇ ≡ s12s23
s13
(6.17)
After three evolutions (6.10), (6.12), and (6.15) we get the correlator of three dipoles
〈Ua(z1tet + z˜1e˜, z2tet + z˜2e˜)Va(z3tet + z˘3e˘, z4tet + z˘4e˘)Wˆa(z5tet + zˇ5eˇ, z6tet + zˇ6eˇ)〉 (6.18)
with Wilson lines parallel to n1, n2, n3 and rapidity cutoffs Y ′1 , Y ′2 , Y ′3 . Moreover, one
can think about color dipoles UY ′1 , VY ′2 , and WY ′3 as long Wilson frames with lengths
l′1 = eY
′
i
√
m2⊥s˜ etc., see Fig. 7b. We start the evolution with very long frames and evolve
with lengths of these frames. We should stop the evolution if an extra loop in diagrams in
Fig. 8b and Fig. 8c does not bring an additional BFKL logarithm in comparison to the tree
diagram in Fig. 8a. This happens when the relative energy of each pair of dipoles becomes
compatible with m⊥, or, in the coordinate space language, when the characteristic longitu-
dinal distances are of the same order as the transverse ones so the BFKL approximations
break down. For typical diagrams like in Fig. 8b or c the characteristic longitudinal sepa-
rations are ∼ l′il′jsij so the condition is ∼ l′il′j ≥ 1m2⊥sij . Thus, the three BFKL evolutions in
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(a) (b)
n
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n
3
n
2
l’1
l ’2
l ’3
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1
n
3
n
2
l’1
l ’2
l ’3
(c)
n
1
n
3
n
2
l’1
l ’2
l ’3
Figure 8. Three Wilson frames in the leading order (“a”) and at the one-loop level
(“b”+“c”+permutations).
diagrams in Fig. 7b terminate at the rapidities
l′1l
′
2 ≥
1
m2⊥s12
⇔ ln l′1 + ln l′2 ≥ − lnm2⊥s12 ⇔ Y ′1 + Y ′2 ≥ 0
l′1l
′
3 ≥
1
m2⊥s13
⇔ ln l′1 + ln l′3 ≥ − lnm2⊥s13 ⇔ Y ′1 + Y ′3 ≥ 0
l′2l
′
3 ≥
1
m2⊥s23
⇔ ln l′2 + ln l′3 ≥ − lnm2⊥s23 ⇔ Y ′2 + Y ′3 ≥ 0 (6.19)
where Y ′1 = ln l′1 +
1
2 ln s˜m
2
⊥, Y
′
2 = ln l
′
2 +
1
2 ln s˘m
2
⊥, and Y
′
3 = ln l
′
3 +
1
2 ln sˇm
2
⊥. We see
that the rapidity at which we stop the evolution of the n1 dipole depends on the where we
have terminated the evolutions of the second and third dipole which means that we need
to integrate over all possible choices of “rapidity stops” Y ′i :
〈UY1conf(x1t,−ν1)VY2conf(x2t,−ν2)WY3conf(x3t,−ν3)〉Fig.9 (6.20)
=
1
4
ℵ(ν1)ℵ(ν2)ℵ(ν3)
∫ Y1
−∞
dY ′1
∫ Y2
−∞
dY ′2
∫ Y3
−∞
dY ′3 θ
(
Y ′1 + Y
′
2
)
θ
(
Y ′1 + Y
′
3
)
θ
(
Y ′2 + Y
′
3
)
× e(Y1−Y ′1)ℵ(ν3)e(Y2−Y ′2)ℵ(ν3)e(Y3−Y ′3)ℵ(ν3)〈Uconf(x1t,−ν1)Vconf(x2t,−ν2)Wconf(x3t,−ν3)〉tree
The weight of the integrations can be figured out from the evolution equations for conformal
dipoles up to an overall constant which will be determined later to be 14 . The factors
ℵ(ν1)ℵ(ν2)ℵ(ν3) can be understood by considering the lowest-order diagram with three
BFKL evolutions shown in Fig. 9. The three integrations over α, β, and γ in Fig. 9 for
conformal dipoles bring ℵ(νi)
∫
dYi for each of them so we get
〈UY1conf(x1t,−ν1)VY2conf(x2t,−ν2)WY3conf(x3t,−ν3)〉 (6.21)
∼ ℵ(ν1)ℵ(ν2)ℵ(ν3)
∫ Y1
−∞
dY ′1
∫ Y2
−∞
dY ′2
∫ Y3
−∞
dY ′3 θ
(
Y ′1 + Y
′
2
)
θ
(
Y ′1 + Y
′
3
)
θ
(
Y ′2 + Y
′
3
)
× 〈Uconf(x1t,−ν1)Vconf(x2t,−ν2)Wconf(x3t,−ν3)〉tree
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Figure 9. Three BFKL loops
Combining the equations (6.10), (6.12), (6.15) and Eq. (6.20) we get〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n3(x3t + w3t2 , x3t − w3t2 )〉
= − iN
6
c
pi9
∫ ∞
0
3∏
n=1
dln
ln
l−ωnn
∫ 3∏
k=1
dνk
νk2
−4iνkΓ
(
3
2 + iνk
)
Γ(1− iνk)
Γ
(
3
2 − iνk
)
Γ(1 + iνk)
(w2kt)
− 1
2
+iνk
× 1
4
ℵ(ν1)ℵ(ν2)ℵ(ν3)
∫ Y1
−∞
dY ′1
∫ Y2
−∞
dY ′2
∫ Y3
−∞
dY ′3 θ
(
Y ′1 + Y
′
2
)
θ
(
Y ′1 + Y
′
3
)
θ
(
Y ′2 + Y
′
3
)
× e(Y1−Y ′1)ℵ(ν1)e(Y2−Y ′2)ℵ(ν3)e(Y3−Y ′3)ℵ(ν3)〈Uconf(x1t,−ν1)Vconf(x2t,−ν2)Wconf(x3t,−ν3)〉tree
(6.22)
This result is the integral over ν1, ν2, and ν3 of the product of longitudinal and transverse
integrals which we will consider in turn.
6.2 Longitudinal integrals
Let us integrate the correlator (6.22) over over li according to the definition ( 4.1) of the
“frame with spin j”. Since∫ ∞
0
l−ω1−11 =
∫ ∞
−∞
dY1 e
−ω1Y1(s˜m2⊥)
ω1
2
(and similarly for Y2 and Y3) we get∫ ∞
−∞
dY1dY2dY3 e
−ω1Y1−ω2Y2−ω3Y3(s˜m2⊥)
ω1
2 (s˘m2⊥)
ω2
2 (sˇm2⊥)
ω3
2 (6.23)
×
∫ Y1
−∞
dY ′1
∫ Y2
−∞
dY ′2
∫ Y3
−∞
dY ′3 θ
(
Y ′1 + Y
′
2
)
θ
(
Y ′1 + Y
′
3
)
θ
(
Y ′2 + Y
′
3
)
× e(Y1−Y ′1)ℵ(ν1)e(Y2−Y ′2)ℵ(ν3)e(Y3−Y ′3)ℵ(ν3)
=
4s
ω1+ω2−ω3
2
12 s
ω1+ω3−ω2
2
13 s
ω2+ω3−ω1
2
23 m
−ω1−ω2−ω3
⊥
(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1)[ω1 − ℵ(ν1)][ω2 − ℵ(ν2)][ω3 − ℵ(ν3)]
→
4
(
s12
x212t
)ω1+ω2−ω3
2
(
s13
x213t
)ω1+ω3−ω2
2
(
s23
x223t
)ω2+ω3−ω1
2
(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1)[ω1 − ℵ(ν1)][ω2 − ℵ(ν2)][ω3 − ℵ(ν3)]
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We have replaced the transverse scale m−2⊥ by x
2
ijt in accordance with general formula (3.9)
and the result (8.20) of explicit first-order calculation performed in Appendix 8.2. 13
Also, as discussed in Ref. [27], the singularities (ωi − ωj − ωk)−1 are of general nature
since they arise from the fact that the correlator of three Wilson frames (4.3) acquires boost
invariance as nj → nk. This property is discussed in Appendix 8.3.
6.3 Transverse integral
Using Eq. (6.23) of previous Section, one can rewrite the result (6.22) as〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n3(x3t + w3t2 , x3t − w3t2 )〉
= − iN
6
c
pi9
∫
dν1dν2dν3
3∏
k=1
νk2
−4iνkΓ
(
3
2 + iνk
)
Γ(1− iνk)
Γ
(
3
2 − iνk
)
Γ(1 + iνk)
(w2kt)
− 1
2
+iνk
×
ℵ(ν1)ℵ(ν2)ℵ(ν3)
(
s12
x212t
)ω1+ω2−ω3
2
(
s13
x213t
)ω1+ω3−ω2
2
(
s23
x223t
)ω2+ω3−ω1
2
(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1)[ω1 − ℵ(ν1)][ω2 − ℵ(ν2)][ω3 − ℵ(ν3)]
× 〈UY ′1conf(x1t,−ν1)V
Y ′2
conf(x2t,−ν2)W
Y ′3
conf(x3t,−ν3)〉tree (6.24)
where the correlator of three conformal dipoles in the last line should be taken in the tree
approximation.
To calculate this correlator, we rewrite conformal dipoles in terms of usual ones
pi6〈UY ′1conf(x1t,−ν1)V
Y ′2
conf(x2t,−ν2)W
Y ′3
conf(x3t,−ν3)〉tree =
∫
dz1tdz˜1dz2tdz˜2
(z212t + z˜
2
12)
2
(6.25)
×
∫
dz3tdz˘3dz4tdz˘4
(z234t + z˘
2
34)
2
dz5tdzˇ5dz6tdzˇ6
(z256t + zˇ
2
56)
2
( z212t + z˜212
[(x1 − z1)2t + z˜21 ][(x1 − z2)2t + z˜22 ]
) 1
2
+iν1
×
( z234t + z˘234
[(x2 − z3)2t + z˘23 ][(x2 − z4)2t + z˘24 ]
) 1
2
+iν2( z256t + zˇ256
[(x3 − z5)2t + zˇ25 ][(x3 − z6)2t + zˇ26 ]
) 1
2
+iν3
× 〈U(z1tet + z˜1e˜, z2tet + z˜2e˜)V(z3tet + z˘3e˘, z4tet + z˘4e˘)Wˆ(z5tet + zˇ5eˇ, z6tet + zˇ6eˇ)〉
This integral is illustrated on Fig. 10.
Using the leading-order correlator
〈[∞n1 +x,−∞n1 +x][∞n2 +y,−∞n2 +y]〉 = iαsta⊗ta ln
[
(x−y)2−2(x− y)n1(x− y)n2
n1 · n2
]
(6.26)
one easily obtains
〈U(z1tet + z˜1e˜)V (z3tet + z˘3e˘)〉 = iαsta ⊗ ta ln[z213t + (z˜1 + z˘3)2],
〈U(z1tet + z˜1e˜)W (z5tet + zˇ5eˇ)〉 = iαsta ⊗ ta ln[z215t + (z˜1 + zˇ5)2],
〈V (z3tet + z˘3e˘)W (z5tet + zˇ5eˇ)〉 = iαsta ⊗ ta ln[z235t + (z˘3 + zˇ5)2] (6.27)
13This replacement is within the LLA accuracy and, moreover, I think that at the NLO level one will get
the third line in Eq. (6.23) similarly to the case of the two-frame correlator considered in Ref. [17] where
the calculation at the NLO BFKL level reproduces the correct arguments required by general formula (3.8).
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Figure 10. The structure of correlator (6.25). Straight lines denote “propagators” (z2ij)λ or ((xi −
zj)
2)λ.
and therefore the tree-level correlator of three color dipoles reads
〈Ua(z1tet + z˜1e˜, z2tet + z˜2e˜)Va(z3tet + z˘3e˘, z4tet + z˘4e˘)Wˆa(z5tet + zˇ5eˇ, z6tet + zˇ6eˇ)〉
= − iα3s
N2c − 1
N3c
ln
[z213t + (z˜1 + z˘3)
2][z224t + (z˜2 + z˘4)
2]
[z214t + (z˜1 + z˘4)
2][z223t + (z˜2 + z˘3)
2]
× ln [z
2
15t + (z˜1 + zˇ5)
2][z226t + (z˜2 + zˇ6)
2]
[z216t + (z˜1 + zˇ6)
2][z225t + (z˜2 + zˇ5)
2]
ln
[z235t + (z˘3 + zˇ5)
2][z246t + (z˘4 + zˇ6)
2]
[z236t + (z˘3 + zˇ6)
2][z245t + (z˘4 + zˇ5)
2]
(6.28)
One obtains
〈Uconf(x1t,−ν1)Vconf(x2t,−ν2)Wconf(x3t,−ν3)〉tree
= − iα3s
N2c − 1
N3c pi
6
I(x1t, x2t, x3t; ν1, ν2, ν3)
(6.29)
where
I(x1t, x2t, x3t; ν1, ν2, ν3) =
∫
dz1tdz˜1dz2tdz˜2
(z212t + z˜
2
12)
2
dz3tdz˘3dz4tdz˘4
(z234t + z˘
2
34)
2
dz5tdzˇ5dz6tdzˇ6
(z256t + zˇ
2
56)
2
×
( z212t + z˜212
[(x1 − z1)2t + z˜21 ][(x1 − z2)2t + z˜22 ]
) 1
2
+iν1( z234t + z˘234
[(x2 − z3)2t + z˘23 ][(x2 − z4)2t + z˘24 ]
) 1
2
+iν2
×
( z256t + zˇ256
[(x3 − z5)2t + zˇ25 ][(x3 − z6)2t + zˇ26 ]
) 1
2
+iν3
ln
[z213t + (z˜1 + z˘3)
2][z224t + (z˜2 + z˘4)
2]
[z214t + (z˜1 + z˘4)
2][z223t + (z˜2 + z˘3)
2]
× ln [z
2
15t + (z˜1 + zˇ5)
2][z226t + (z˜2 + zˇ6)
2]
[z216t + (z˜1 + zˇ6)
2][z225t + (z˜2 + zˇ5)
2]
ln
[z235t + (z˘3 + zˇ5)
2][z246t + (z˘4 + zˇ6)
2]
[z236t + (z˘3 + zˇ6)
2][z245t + (z˘4 + zˇ5)
2]
(6.30)
The structure of the integrations in this equation is the following: each conformal dipole
evolves in its own “transverse plane” and the obtained dipoles interact by logarithmical
correlators (6.27). Fortunately, the integral (6.30) coincides with an usual two-dimensional
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integral in the (formal) (x, y) plane
I(x1, x2, x3; ν1, ν2, ν3) =
∫
d2z1d
2z2
z412
d2z3d
2z4
z434
d2z5d
2z6
z456
×
( z212
(x1 − z1)2(x1 − z2)2
) 1
2
+iν1( z234
(x2 − z3)2(x2 − z4)2]
) 1
2
+iν2( z256
(x3 − z5)2(x3 − z6)2]
) 1
2
+iν2
× ln [z
2
13x + (z1y + z3y)
2][z224x + (z2y + z4y)
2]
[z214x + (z1y + z4y)
2][z223x + (z2y + z3y)
2]
ln
[z215x + (z1y + z5y)
2][z226x + (z2y + z6y)
2]
[z216x + (z1y + z6y)
2][z225x + (z2y + z5y)
2]
× ln [z
2
35x + (z3y + z5y)
2][z246x + (z4y + z6y)
2]
[z236x + (z3y + z6y)
2][z245x + (z4y + z5y)
2]
(6.31)
with x1y = x2y = x3y = 0, see Fig.11a.
x1
z1z2
z3
z4 z5
z6
x2 x3
(a)
z1
z5
z3
x1
x2 x3
(b)
+ perm.
Figure 11. Transverse integral. Solid lines denote usual “propagators” of the type (zi − zj)2λ and
dotted lines expressions of the type [(zi − zj)2x + (zi + zj)2y]λ.
Next, we use formula∫
d2z2
z412
( z212
(x1 − z1)2(x1 − z2)2
) 1
2
+iν1
ln z223 =
pi[(x1 − z1)2]− 32−iν1(
1
2 − iν1
)2 [((x1 − z3)2z213
) 1
2
−iν1 − 1
]
and rewrite it by changing sign of z3y as∫
d2z2
z412
( z212
(x1 − z1)2(x1 − z2)2
) 1
2
+iν
ln[z223x + (z2y + z3y)
2]
=
pi[(x1 − z1)2]− 32−iν1(
1
2 − iν1
)2 [( (x1 − z3)2z213x + (z1y + z3y)2
) 1
2
−iν1 − 1
]
(6.32)
Using this integral and similar integrals for integration over z4 and z6 one gets after some
algebra (see Fig.11b)
I(x1, x2, x3; ν1, ν2, ν3) (6.33)
= − 8pi
3(
1
2 − iν1
)2(1
2 − iν2
)2(1
2 − iν3
)2∫ d2z1(x1 − z1)4 d
2z3
(x2 − z3)4
d2z5
(x3 − z5)4
×
[ z213x + (z1y + z3y)2
(x1 − z1)2(x1 − z3)2
]− 1
2
+iν1[ z235x + (z3y + z5y)2
(x2 − z3)2(x2 − z5)2
]− 1
2
+iν2[ z215x + (z1y + z5y)2
(x3 − z1)2(x3 − z5)2
]− 1
2
+iν3
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To calculate this integral, we can take x1 = 0 and perform the inversion xi → xix2 to obtain
I inv(x1, x2, x3; ν1, ν2, ν3)
= − 8pi
3(x22)
1+2iν2(x23)
1+2iν3(
1
2 − iν1
)2(1
2 − iν2
)2(1
2 − iν3
)2∫ d2z1 d2z3(x2 − z3)4 d
2z5
(x3 − z5)4
× [z213x + (z1y + z3y)2]−
1
2
+iν1
[ z235x + (z3y + z5y)2
(x2 − z3)2(x2 − z5)2
]− 1
2
+iν2[ z215x + (z1y + z5y)2
(x3 − z1)2(x3 − z5)2
]− 1
2
+iν3
= − 8pi
6(x22)
1+2iν2(x23)
1+2iν3(x223)
− 1
2
+i(ν1−ν2−ν3)(
1
2 − iν1
)2(1
2 − iν2
)2(1
2 − iν3
)2 Λ(ν1, ν2, ν3) (6.34)
where
Λ(ν1, ν2, ν3) ≡ (x223)
1
2
−i(ν1−ν2−ν3) 1
pi3
∫
d2z1
d2z3
(x23 − z3)4
d2z5
z45
× [z213x + (z1y + z3y)2]−
1
2
+iν1
[ z235
(x23 − z3)2(x23 − z5)2
]− 1
2
+iν2[ z215
z21z
2
5
]− 1
2
+iν3
=
1
pi3
∫
d2z1
d2z3
(1− z3)4
d2z5
z45
× [z213x + (z1y + z3y)2]−
1
2
+iν1
[ z235
(1− z3)2(1− z5)2
]− 1
2
+iν2[ z215
z21z
2
5
]− 1
2
+iν3
(6.35)
where “1” in the denominators stands for the vector (1,0). This integral resembles the
integral for function Ω defining three-pomeron vertex [31], only with “modified propagator”
[z213x + (z1y + z3y)
2]−
1
2
+iν1 instead of usual [z213x + z213y]
− 1
2
+iν1 in Ref. [31]. The function
Λ(ν1, ν2, ν3) can be represented as four-fold Mellin-Barnes integral, see Eq. (6.40) below
and Eq. (8.54) in Appendix 8.4.
Performing inversion of Eq. (6.34) we get
I(x1t, x2t, x3t; ν1, ν2, ν3) = − 8pi6 Λ(ν1, ν2, ν3)(
1
2 − iν1
)2(1
2 − iν2
)2(1
2 − iν3
)2
× (x212t)−
1
2
−i(ν1+ν2−ν3)(x213t)
− 1
2
−i(ν1+ν3−ν2)(x223t)
− 1
2
−i(ν2+ν3−ν1) (6.36)
so that
〈Uconf(x1t,−ν1)Vconf(x2t,−ν2)Wconf(x3t,−ν3)〉tree (6.37)
= 8iα3s
N2c − 1
N3c
Λ(ν1, ν2, ν3)
(x212t)
− 1
2
−i(ν1+ν2−ν3)(x213t)
− 1
2
−i(ν1+ν3−ν2)(x223t)
− 1
2
−i(ν2+ν3−ν1)(
1
2 − iν1
)2(1
2 − iν2
)2(1
2 − iν3
)2
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6.4 The result
Substituting the transverse integral (6.37) into Eq. (6.24) we get〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n3(x3t + w3t2 , x3t − w3t2 )〉
=
64g6
pi6
(N2c − 1)
∫ ∞
−∞
dν1dν2dν3
3∏
k=1
νk2
−4iνkΓ
(
3
2 + iνk
)
Γ(1− iνk)
Γ
(
3
2 − iνk
)
Γ(1 + iνk)
(w2kt)
− 1
2
+iνk
×
8ℵ(ν1)ℵ(ν2)ℵ(ν3)
(
s12
x212t
)ω1+ω2−ω3
2
(
s13
x213t
)ω1+ω3−ω2
2
(
s23
x223t
)ω2+ω3−ω1
2
(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1)[ω1 − ℵ(ν1)][ω2 − ℵ(ν2)][ω3 − ℵ(ν3)]
× (x
2
12t)
− 1
2
−i(ν1+ν2−ν3)(x213t)
− 1
2
−i(ν1+ν3−ν2)(x223t)
− 1
2
−i(ν2+ν3−ν1)(
1
2 − iν1
)2(1
2 − iν2
)2(1
2 − iν3
)2 Λ(ν1, ν2, ν3) (6.38)
To estimate this integral at small ω’s it is convenient to rewrite it in variables γi = 2iνi−1.
Defining ℵ˜(γi) ≡ ℵ(νi) and Λ˜(γi) ≡ Λ(νi) we get〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n3(x3t + w3t2 , x3t − w3t2 )〉
= − 8g
6(N2c − 1)
pi6x212tx
2
13tx
2
23t
(
s12
x212t
)ω1+ω2−ω3
2
(
s13
x213t
)ω1+ω3−ω2
2
(
s23
x223t
)ω2+ω3−ω1
2
(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1)
×
∫ −1+i∞
−1−i∞
dγ1dγ2dγ3
3∏
k=1
(1 + γk)2
−2γkΓ
(
2 + γk2
)
Γ
(
1
2 − γk2
)
Γ
(
1− γk2
)
Γ
(
3
2 +
γk
2
)
γ2k
× ℵ˜(γ1)ℵ˜(γ2)ℵ˜(γ3)Λ˜(γ1, γ2, γ3)
[ω1 − ℵ˜(γ1)][ω2 − ℵ˜(γ2)][ω3 − ℵ˜(γ3)]
( w21tx223t
x212tx
2
13t
) γ1
2
( w22tx213t
x212tx
2
23t
) γ2
2
( w23tx212t
x213tx
2
23t
) γ3
2 (6.39)
where contours over real νi transform to the contours parallel to imaginary axis since
γi = 2iνi − 1. The function Λ˜(γi) (defined by Eq. (6.35)) is represented in Appendix
8.4 as
Λ¯(1, 2, 3) = − sin
2 pi2 sin
2 pi3
pi3 sinpi(2 + 3)Γ2(1)
I(1, 2, 3) (6.40)
where Λ¯(i) ≡ Λ˜(γi), i ≡ −γi2 and
I(1, 2, 3) (6.41)
=
∫
C
ds1ds2ds3ds4
(2pii)4
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(1 − s3 − s4)Γ(s3)Γ(s4)
× Γ(2 − 1− s1)Γ(s1 + 1)
Γ(2)
Γ(1 + 3 − s3)Γ(−1 + s3)
Γ(3)
× Γ(2 − 1− s4)Γ(1− 1 − 2 + s3 + s4)
Γ(−1 + s3)
× Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)
Γ(2− 1 + s1)
Γ(2 − s1)Γ(3 − s3)
Γ(2 + 3 − s1 − s3)
Γ(2 − s2)Γ(3 − s4)
Γ(2 + 3 − s2 − s4)
is a four-fold Mellin-Barnes integral with the contour C specified in the Appendix.
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In the limit w2it → 0 the contours of integration over γi can be moved to the right so the
integrals are determined by the residues lying on the real axis to the right of point γi = −1.
As demonstrated in Appendix 8.4, the function Λ is regular at small γi
Λ˜(γi) = 1 +O(γi) (6.42)
so the analytic structure of the integral (6.39) is determined by the poles in Γ-functions
and in [ω − ℵ(γ)]−1 denominators. The leftmost of such poles are located at γi = 0 and at
γ∗i (ωi, g
2) = roots of equation (3.11) which simplifies to
ωi = ℵ˜(γi, g2) = 4g2
[
2ψ(1)− ψ(− γi
2
)− ψ(1 + γi
2
)]
(6.43)
in the leading log approximation, see the discussion in Sect. 3.2.
First, we consider poles at γ∗i (ωi, g
2). Taking residues in these poles we obtain〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n3(x3t + w3t2 , x3t − w3t2 )〉
= i
64g6(N2c − 1)
pi3x212tx
2
13tx
2
23t
ω1ω2ω3
(
s12
x212t
)ω1+ω2−ω3
2
(
s13
x213t
)ω1+ω3−ω2
2
(
s23
x223t
)ω2+ω3−ω1
2
(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1) Λ˜(γ
∗
1 , γ
∗
2 , γ
∗
3)
×
3∏
k=1
(1 + γ∗k)2
−2γ∗kΓ
(
2 +
γ∗k
2
)
Γ
(
1
2 −
γ∗k
2
)
Γ
(
1− γ∗k2
)
Γ
(
3
2 +
γ∗k
2
)
γ∗k
2ℵ˜′(γ∗k)
( w21tx223t
x212tx
2
13t
) γ∗1
2
( w22tx213t
x212tx
2
23t
) γ∗2
2
( w23tx212t
x213tx
2
23t
) γ∗3
2(6.44)
Let us present this result in the g
2
ω  1 limit. In this limit ℵ˜(γ) ' −8g
2
γ (see Eq.
(3.11)) so〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n3(x3t + w3t2 , x3t − w3t2 )〉
=
i(N2c − 1)
pi3x212tx
2
13tx
2
23t
ω1ω2ω3
(
s12
x212t
)ω1+ω2−ω3
2
(
s13
x213t
)ω1+ω3−ω2
2
(
s23
x223t
)ω2+ω3−ω1
2
(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1)
×
( w21tx223t
x212tx
2
13t
) γ∗1
2
( w22tx213t
x212tx
2
23t
) γ∗2
2
( w23tx212t
x213tx
2
23t
) γ∗3
2
[
1 + O
(g2
ω
)]
(6.45)
where γ∗i = − 8g
2
piωi
. This result should agree with the first perturbative diagrams calculated
in Appendix 8.2. Indeed, there are poles in the integral (6.39) at γi = 0 which give
−i (N
2
c − 1)
pi3x212tx
2
13tx
2
23t
ω1ω2ω3
(
s12
x212t
)ω1+ω2−ω3
2
(
s13
x213t
)ω1+ω3−ω2
2
(
s23
x223t
)ω2+ω3−ω1
2
(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1) (6.46)
(recall that Λ˜(0, 0, 0) = 1). Similarly to the case of correlator of two light-rays, this term
should cancel with the lowest-order diagrams shown in Fig. 8a. At the tree level the limit
wit → 0 is trivial so one gets the diagrams in Fig. 16 which yield Eq. (8.26). We see that
the result (6.46) cancels with that of Eq. (8.26) which justifies our choice of constant 14 in
Eq. (6.20).
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(a) (b)
n
1
n
3n
2
n
1
n
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n
2
n
1
n
3n
2
(c)
Figure 12. Typical diagrams for correlator of three Wilson frames in the leading order (a), at the
one-loop level (b) and at the two-loop level (c)
There are also “mixed” poles at γi = 0, γ∗j , γ
∗
k and γi = 0, γj = 0, γ
∗
k . They should
cancel with the contribution of diagrams of the type shown in Fig. 12 b and c (recall that
our three-dipole approximations are correct starting from the g6 diagrams of the Fig. 9a.)
Thus, the result for all diagrams (Fig. 7 + Fig. 12) is given by Eq. (6.44) which
translates to the structure constant C(ωi, g2) given by Eq. (3.14)
F (γ∗1 , γ
∗
2 , γ
∗
3) = 64g
6Λ˜(γ∗1 , γ
∗
2 , γ
∗
3)
3∏
k=1
(1 + γ∗k)2
−2γ∗kΓ
(
2 +
γ∗k
2
)
Γ
(
1
2 −
γ∗k
2
)
Γ
(
1− γ∗k2
)
Γ
(
3
2 +
γ∗k
2
)
γ∗k
2ℵ˜′(γ∗k)
(6.47)
where γ∗ is the solution of Eq. (6.43) and Λ˜(γi) = Λ¯(−2i) is given by Eq. (8.54). It is
easy to see that at small γ∗i (⇔ g2  ωi  1)
F (γ∗1 , γ
∗
2 , γ
∗
3) = 1 +O(γ
∗
i ) = 1 +O
(g2
ωi
)
(6.48)
7 Conclusions
Let us summarize the results of this paper. The correlator of three “forward” light-ray
operators (3.7) has the form
〈Sj11n1(z1t)S
j2
1n2
(z2t)S
j3
1n3
(z3t)〉 (7.1)
= C(∆i, ji, g
2)
(−2n1 · n2)
j1+j2−j3−1
2
|z12t |∆1+∆2−∆3−1
(−2n1 · n3)
j1+j3−j2−1
2
|z13t |∆1+∆3−∆2−1
(−2n2 · n3)
j2+j3−j1−1
2
|z23t |∆2+∆3−∆1−1
µ−γ1−γ2−γ3
with the structure constant
C(ωi, g
2) =
iN2c ω1ω2ω3F (ωi, g
2)
pi3(ω1 + ω2 − ω3)(ω1 + ω3 − ω2)(ω2 + ω3 − ω1) (7.2)
At small ωi the operator S
j
1 can be identified with gluon light-ray operator F j given by
Eq. (3.5). In the tree approximation, the correlator of three gluon operators is given by
Eq. (7.1) with F = 1 +O(ωi) as follows from Eq. (8.27). In the BFKL regime (g2, ωi  1,
g2
ωi
∼ 1) the function F has the form (6.47)
F (γ∗1 , γ
∗
2 , γ
∗
3) = 64g
6Λ˜(γ∗1 , γ
∗
2 , γ
∗
3)
3∏
k=1
(1 + γ∗k)2
−2γ∗kΓ
(
2 +
γ∗k
2
)
Γ
(
1
2 −
γ∗k
2
)
Γ
(
1− γ∗k2
)
Γ
(
3
2 +
γ∗k
2
)
γ∗k
2ℵ˜′(γ∗k)
(7.3)
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where γ∗ is the solution of Eq. (6.43).
Let us now discuss main features of the result (7.3). First, note that since γ∗ is real,
in our LLA approximation the constant F is real since all the functions in the r.h.s. of
Eq. (6.47) are real. Indeed, for Γ-functions it is trivial and for Λ˜(γ∗1 , γ∗2 , γ∗3) it follows from
the explicit expression (8.55). This is in accordance with the fact that physical s-channel
imaginary part of the amplitude (6.1) vanishes in our approximation. Indeed, it would
correspond to “cut” diagram of Fig. 13a type and cut propagator connecting two infinite
n
1
n
3n
2
z2
z1
z’1
z’’2
z’1’
z ’2
n
1
n
3n
2
z2
z1
z’1
z’’2
z’1’
z ’2
(a) (b)
Figure 13. Typical “cut diagrams” for the correlator of three Wilson frames
Wilson lines in n2 and n3 directions vanishes (see the last line in the Eq. (8.10) in Appendix
8.1). The imaginary part comes from the next terms of the expansion in powers of g2 and
ω. The imaginary part ∼ ω is given by the second term in the square brackets in the r.h.s.
of tree-level expression (8.26). As to imaginary part ∼ g2, it comes from the diagrams of
the type shown in Fig. 13b. These diagrams were calculated in the n2 → n3 limit in Refs.
[26, 27] and the result is given by Eq. (8.39) or Eq. (8.41) for small g2/ω. Note that the
result (8.38) has the same structure as Eq. (7.3).
We saw that the structure constant has poles at ωi = ωj+ωk reflecting boost invariance
at nj → nk. An interesting question is what are singularities in the function F (ωi, g2) apart
from obvious singular point ωi = 0, for example like 1ω1−ω2 . It is worthwhile to note that
such terms appeared in the intermediate steps in the calculation of Λ at small g
2
ωi
, for example
the term J6 contains 11−2 →
g2ω1ω2
ω1−ω2 , see Eq. (8.73). There were also other singularities
which all canceled in the final result (8.75) so it suggests that the function F is finite at
ωi 6= 0.
In conclusion, let us discuss the applicability of our results to QCD correlators of gluon
light-ray operators. In the leading log approximation considered here the formulas for
correlators will be the same as in N = 4 case since running of the coupling constant is
beyond the LLA approximation, and since the contribution of scalar and gluino operators
is negligible at small ω. At the NLO level, in N = 4 case we expect only corrections to
structure constant of the type of Eq. (7.3), but in QCD the functional form of two- and
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three-point correlators may change. An example of such change is the modification of the
formula (5.14) for the γ∗γ∗ amplitude in QCD calculated at the NLO BFKL level in Ref.
[42, 43]. It would be interesting to write down such modifications for the correlators of
gluon-light-ray operators at the NLO BFKL level in QCD.
The author is grateful to V. Kazakov, G. Korchemsky, and E. Sobko for valuable discus-
sions. This work is supported by contract DE-AC05-06OR23177 under which the Jefferson
Science Associates, LLC operate the Thomas Jefferson National Accelerator Facility, and
by the grant DE-FG02-97ER41028.
8 Appendix
8.1 BFKL kernel in the triple Regge limit
In this Section I will demonstrate how the BFKL kernel comes out of the conventional
momentum-space calculation in the triple Regge limit. Let us again consider the first dia-
gram in Fig. 9. Our LLA approximation (6.19) in the momentum space reads
αβs12  m2⊥, αγs13  m2⊥, βγs23  m2⊥ (8.1)
If all sij are of the same order, this translates to α m⊥
√
s23
s12s13
etc. 14 Suppose now that
we already performed integrals over β and γ which results in logs multiplied by (conformal)
dipoles and we would like to consider the last integral over α coming from the diagrams of
Fig. 14 type.
Figure 14. Leading diagrams with logarithmic integrals over α
To avoid cluttering of formulas, we will disregard the bottom gluon connecting Wilson
lines parallel to n2 and n3. Indeed, the corresponding factor
〈V (z3tet + z˘3e˘)W (z5tet + zˇ5eˇ)〉 = iαsta ⊗ ta ln[z235t + (z˘3 + zˇ5)2]
14 Indeed, if αβs12 = λ3m2⊥, αγs13 = λ2m
2
⊥, βγs13 = λ1m
2
⊥ we get α =
√
λ2λ3
λ1
m⊥
√
s23
s12s13
and therefore
α m⊥
√
s23
s12s13
if all λ’s are large and of the same order.
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(plus permutations) simply multiplies contributions of diagrams in Fig. 15 and has nothing
to do with logarithm coming out of α integration.
To simplify our formulas, let us calculate the “cut diagram” shown in Fig. 15. It can
be represented by a functional integral over double set of variables: fields to the left and to
the right of the cut which coincide at t =∞. 15 We get
(c)
+ . . .
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Figure 15. First rung of the BFKL evolution in the triple Regge limit
〈Tr{U˜ †(x1)U(x1)U †(x2)U˜(x2)}V˜ †(x3)W (x4)〉 (8.2)
= g6
YM
Nct
a ⊗ ta
∫
d−4k1d−4k′1d−
4k2d−4k′2 δ−
4(k2 + k1 − k′2 − k′1) δ−((k2 + k1)2)θ(k2 + k1)0
× δ−(k2 · n2)δ−(k1 · n1)δ−(k′2 · n3)δ−(k′1 · n1)
Lλ(k2, k1)Lλ(k
′
2, k
′
1)
k21k
2
2k
′2
1k
′2
2
eik2tx3t+ik˘2x˘3
× (eik1tx1t+ik˜1x˜1 − eik1tx2t+ik˜1x˜2)e−ik′2tx4t−ikˇ′2xˇ4(e−ik′1tx1t−ik˜′1x˜1 − e−ik′1tx2t−ik˜′1x˜2)
where we denoted Wilson lines to the left of the cut by tilde. Here we use space-saving
notations d−nk ≡ dnk(2pi)n and δ−(n)(k) ≡ (2pi)nδ(n)(k). The Lipatov vertex of gluon emission
can be taken e.g. from Ref. [47]
2
s12
L(k2, k1) = (k1 − k2)−
[
2
k1n2
n12
+
k21
k2n1
]
n1 +
[
2
k2n1
n12
+
k22
k1n2
]
n2
2
s13
L(k′2, k
′
1) = (k
′
1 − k′2)−
[
2
k′1n3
n13
+
k′21
k′2n1
]
n1 +
[
2
k′2n1
n13
+
k′22
k′1n3
]
n3 (8.3)
Rewriting these formulas in terms of triple Sudakov variables (6.2) and taking into account
δ-functions in the r.h.s. of Eq. (8.2) we obtain
2
s12
L(k1, k2) = (k1 − k2)t + (8.4)
+ n1
[
− α1 − α2 − k
2
1
k2n1
− 2γ1n23
n12
]
+ n2
[
β1 + β2 +
k22
k1n2
+ 2γ2
n13
n12
]
+ (γ1 − γ2)n3
2
s13
L(k′1, k
′
2) = (k
′
1 − k′2)t
+ n1
[
− α′1 − α′2 −
k′21
k2n1
− 2β′1
n23
n13
]
+ (β′1 − β′2)n2 + n3
[
γ′1 + γ
′
2 +
k′22
k′1n3
+ 2β′2
n12
n13
]
15If n2 = n3 and the corresponding dipoles are the same, the double functional integral for the cut
diagram gives the imaginary part of the non-cut diagram, see e.g. the discussion in Refs. [44–46].
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In our LLA approximation α1  m
√
s23
s12s13
and β1 ∼ β′1 ∼ β′2 ∼ m
√
s13
s12s23
, α2 ∼ α′2 ∼
m
√
s23
s12s13
, γ1 ∼ γ2 ∼ m
√
s12
s13s23
. Moreover, from δ-function δ((k2 + k1)2)θ(k2 + k1)0 we see
that ξ2 = β2 − α2 s13s23 = s13s12
(
γ′2 − α′2 s12s23
)  m√
s
. Using these approximations, one obtains
after some algebra
2
s12s13
L(k2, k1)L(k
′
2, k
′
1) = − (k1 − k′1)2t −
s12s23
s13
(β1 − β′1)2 (8.5)
+
(
k21t +
s12s23
s13
β21
)(
k′2t
2 + s12s23s13 β
′2
2
)
(k1 + k2)2t +
s12s23
s13
(β1 + β2)2
+
(
k22t +
s12s23
s13
β22
)(
k′1t
2 + s12s23s13 β
′2
1
)
(k1 + k2)2t +
s12s23
s13
(β1 + β2)2
+ O
( k2t
α1s
)
which is a “real part” of the BFKL kernel.
The amplitude can be rewtitten as
〈Tr{U˜ †(x1)U(x1)U †(x2)U˜(x2)}V˜ †(x3)W (x4)〉 (8.6)
=
g6
YM
Nc
4pi
ta ⊗ ta
∫ ∞
0
dα1
α1
∫
d−k1td−k′1td−k2td−k
′
2t δ
−(k1 + k2 − k′1 − k′2)t
×
∫
d−k˜1d−k˜′1d−k˘2d−kˇ
′
2 δ
−(k˜1 − k˘2 − k˜′1 + kˇ′2)
× (eik1tx1t+ik˜1x˜1 − eik1tx2t+ik˜1x˜2)(e−i(k′1,x1)t − e−i(k′1,x2)t)eik2tx3t+ik˘2x˘3e−ik′2tx4t−ikˇ′2xˇ4
×
−(k1 − k′1)2t − (k˜1 − k˜′1)2 + (k
2
1t+k˜
2
1)(k
′2
2t+k˜
′2
2)+(k
2
2t+k˜
2
2)(k
′2
1t+k˜
′2
1)
(k1+k′1)
2
t+(k˜1+k˜
′
1)
2
(k21t + k˜
2
1)(k
′2
1t + k˜
′2
1)(k
2
2t + k˘
2
2)(k
′2
2t + kˇ
′2
2)
Note that at n2 = n3 this formula reduces to the first rung of the BFKL ladder for dipole-
dipole cross section [47]
In this form it coincides with the first iteration of the evolution equation for color
dipoles. Let us demonstrate this for the simple term in the BFKL kernel 2k1tk′1t + 2k˜1k˜′1.
Performing momentum integrals one obtains
g6
YM
Nc
4pi
ta ⊗ ta
∫ ∞
0
dα1
α1
∫
d−k1td−k′1td−k2td−k
′
2t δ
−(k1 + k2 − k′1 − k′2)t (8.7)
×
∫
d−k˜1d−k˜′1d−k˘2d−kˇ
′
2 δ
−(k˜1 − k˘2 − k˜′1 + kˇ′2) 2k1tk′1t + 2k˜1k˜′1
(k21t + k˜
2
1)(k
′2
1t + k˜
′2
1)(k
2
2t + k˘
2
2)(k
′2
2t + kˇ
′2
2)
× (eik1tx1t+ik˜1x˜1 − eik1tx2t+ik˜1x˜2)(e−i(k′1,x1)t − e−i(k′1,x2)t)eik2tx3t+ik˘2x˘3e−ik′2tx4t−ikˇ′2xˇ4
=
α3sNc
2pi2
ta ⊗ ta
∫ ∞
0
dα1
α1
×
∫
d2z⊥
(x1 − x2)2⊥
(x1 − z)2(x2 − z)2 ln[(x3t − zt)
2 + (x˘3 + z˜)
2] ln[(x4t − zt)2 + (xˇ4 + z˜)2]
where z⊥ ≡ zt, z˜.
On the other hand, the (linearized) evolution equation for color dipoles (in the double
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functional integral formalism) reads [41, 48]
d
dY
Tr{U˜ †(x1)U(x1)U †(x2)U˜(x2)}
=
αsNc
2pi
∫
d2z⊥
(x1 − x2)2⊥
(x1 − z)2⊥(x2 − z)2⊥
[
Tr{U˜ †(x1)U(x1)U †(z)U˜(z)}
+ Tr{U˜ †(z)U(z)U †(x2)U˜(x2)} − Tr{U˜ †(x1)U(x1)U †(x2)U˜(x2)}
]
(8.8)
where Y ≡ lnα. The term (8.7) comes from the correlator
αsNc
2pi
∫ ∞
0
dα
α
∫
d2z⊥
−2(x1 − z, x2 − z)⊥
(x1 − z)2⊥(x2 − z)2⊥
× 〈Tr{U †(z)U˜(z) + U˜ †(z)U(z)}V˜ †(x3)W (x4)〉 (8.9)
Using the tree-level correlators of Wilson lines
〈U˜(ztet + z˜e˜)V˜ (x3tet + x˘3e˘)〉 = iαsta ⊗ ta ln[(z − x3)2t + (z˜ + x˘3)2],
〈U(ztet + z˜e˜)W (x4tet + zˇ4eˇ)〉 = − iαsta ⊗ ta ln[(z − x4)2t + (z˜ + xˇ4)2],
〈U˜(ztet + z˜e˜)W (x4tet + xˇ4eˇ)〉 = 〈U(ztet + z˜e˜)V˜ (x3tet + xˇ3eˇ)〉 = 0 (8.10)
it is easy to see that Eq.(8.9) coincides with the r.h.s. of Eq. (8.7). Similarly, one can check
that other terms in the BFKL kernel correspond to linear part of the evolution equation
for color dipoles (8.8), see e.g. the book [49].
8.2 Correlator of three twist-2 LR operators in the tree approximation
First, we calculate the correlator of two light-ray gluon operators. Using bare propagator
pi2〈F µn1 (u1n1 + x1⊥)F νn2 (u2n2 + x2⊥)〉 (8.11)
= − g
µνδabs12x
2
12⊥
2(u1u2s12 + x212⊥ + i)
3
− δ
abnµ2n
ν
1
(u1u2s12 + x212⊥ + i)
2
− s12δ
ab
(u1u2s12 + x212⊥ + i)
3
[
u2x
µ
12n
ν
2 − u1nµ1xν12 − xµ12xν12 + u1u2(nµ1nν2 − nµ2nν1)
]
after simple integration we get the tree-level correlator in the form 16
1
N2c − 1
〈F jn1(x1⊥)F j
′
n2(x2⊥)
〉
= − is
4
2pi
δ(ω − ω′)1− e
ipiω
sinpiω
ω(1 + ω)
(x212⊥)
2+ωs−ω
Γ(2 + ω)Γ(4 + ω)
Γ(4 + 2ω)
(8.12)
which agrees with Eq. (5.40) in the limit ω → 0
1
N2c − 1
〈F jn1(x1⊥)F j
′
n2(x2⊥)
〉 ' − δ(j − j′) ω
2pix412⊥
sω
x2ω12⊥
(8.13)
as discussed in the end of Sect. 5.2.
Next, consider diagrams in Fig. 16 representing the 3-point correlator of gluon light-ray
operators in the leading perturbative order.
16As we discussed above, δ(j− j′) actually means “analytic continuation” of δ(ν−ν′) for j = 1
2
+ iν, j′ =
1
2
+ iν′.
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Figure 16. Tree-level correlator of three twist-two gluon LR operators
After some algebra one obtains the result for the first diagram in Fig. 16a in the form
〈F aµn1 (u1n1 + z1t)F b νn2 (v2n2 + z2t)〉〈F an1µ(v1n1 + z1t)F cλn3 (u3n3 + z3t)〉
× 〈F bn2ν(u2n2 + z2t)F cn3λ(v3n3 + z3t)〉
=
N2c − 1
4pi6s12s23s13
z212tz
2
13tz
2
23t
(u1v2s12 + z212t + i)
3(v1u3s13 + z213t + i)
3(u2v3s23 + z223t + i)
3
(8.14)
where s12 ≡ −2n1 · n2 etc. Adding the diagrams with permutations we obtain∫ ∞
−∞
du1dv1du2dv2du3dv3 θ(u1 − v1)θ(u2 − v2)θ(u3 − v3)
× (u1 − v1)−ω1(u2 − v2)−ω2(u3 − v3)−ω3〈F aµn1 (u1n1 + z1t)F an1µ(v1n1 + z1t)
× F b νn2 (v2n2 + z2t)F bn2ν(u2n2 + z2t)F cλn3 (u3n3 + z3t)F cn3λ(v3n3 + z3t)〉
=
N2c − 1
4pi6s12s23s13
∫ ∞
−∞
du1dv1du2dv2du3dv3
[
θ(u1 − v1)(u1 − v1)−ω1 + u1 ↔ v1
]
× [θ(u2 − v2)(u2 − v2)−ω2 + u2 ↔ v2][θ(u3 − v3)(u3 − v3)−ω3 + u3 ↔ v3]
z212tz
2
13tz
2
23t
× (u1v2s12 + z212t + i)3(v1u3s13 + z213t + i)3(u2v3s23 + z223t + i)3
(8.15)
The integration over light-ray variables ui, vi is done with the help of two formulas:∫ ∞
−∞
dt1dt2dt3
∫ ∞
0
dr1dr2dr3
1
[(r1 + t1)(r2 + t2) + a212 + i]
(8.16)
×
{ r−ω11 r−ω22 r−ω33
[t1(r3 + t3) + a213 + i](t2t3 + a
2
23 + i)
+
r−ω11 r
−ω2
2 r
−ω3
3
(t1t3 + a213 + i)[t2(r3 + t3) + a
2
23 + i]
}
= −4 sin piω3
2
sin
pi
2
(ω1 + ω2 − ω3) cos pi
2
(ω1 − ω2)Γ(1− ω1)Γ(1− ω2)Γ(1− ω3)
× Γ2(ω1 + ω2 − ω3
2
)
Γ2
(ω2 + ω3 − ω1
2
)
Γ2
(ω1 + ω3 − ω2
2
)
aω3−ω1−ω212 a
ω2−ω1−ω3
13 a
ω1−ω2−ω3
23
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and∫ ∞
−∞
dt1dt2dt3
∫ ∞
0
dr1dr2dr3
×
[ r−ω11 r−ω22 r−ω33
[(r1 + t1)t2 + a12 + i][t1(r3 + t3) + a13 + i][(r2 + t2)t3 + a23 + i]
+
r−ω11 r
−ω2
2 r
−ω3
3
[t1(r2 + t2) + a12 + i][(r1 + t1)t3 + a13 + i][t2(r3 + t3) + a23 + i]
]
= Γ(1− ω1)Γ(1− ω2)Γ(1− ω3)Γ2
(ω1 + ω3 − ω2
2
)
Γ2
(ω2 + ω3 − ω1
2
)
Γ2
(ω1 + ω2 − ω3
2
)
× aω3−ω1−ω212 aω2−ω1−ω313 aω1−ω2−ω323
× [eipi(ω1+ω2−ω3) + eipi(ω2+ω3−ω1) + eipi(ω1+ω3−ω2) − eipi(ω1+ω2+ω3) − 2] (8.17)
Using these formulas with a2ij =
z2ijt
sij
it is easy to get∫ ∞
−∞
du1dv1
[
(u1 − v1)−ω1θ(u1 − v1) + u1 ↔ v1
]∫ ∞
−∞
du2dv2
[
(u2 − v2)−ω2θ(u2 − v2) (8.18)
+ u2 ↔ v2
]∫ ∞
−∞
du3dv3
[
(u3 − v3)−ω3θ(u3 − v3) + u3 ↔ v3
]
× 1
(u1v2s12 + z212 + i)(v1u3s13 + z
2
13 + i)(u2v3s23 + z
2
23 + i)
=
1
s12s13s23
Φ(ω1, ω2, ω3)Γ(1− ω1)Γ(1− ω2)Γ(1− ω3)Γ2
(ω1 + ω2 − ω3
2
)
× Γ2(ω2 + ω3 − ω1
2
)
Γ2
(ω1 + ω3 − ω2
2
)(s12
z212
)ω1+ω2−ω3
2
(s13
z213
)ω1+ω3−ω2
2
(s23
z223
)ω2+ω3−ω1
2
where
Φ(ω1, ω2, ω3)
= − 4 sin piω1
2
sin
pi
2
(ω2 + ω3 − ω1) cos pi
2
(ω2 − ω3)− 4 sin piω2
2
sin
pi
2
(ω1 + ω3 − ω2)
× cos pi
2
(ω1 − ω3)− 4 sin piω3
2
sin
pi
2
(ω1 + ω2 − ω3) cos pi
2
(ω1 − ω2)
+ eipi(ω1+ω2−ω3) + eipi(ω2+ω3−ω1) + eipi(ω1+ω3−ω2) − eipi(ω1+ω2+ω3) − 2 (8.19)
Now, differentiating Eq. (8.18) two times with respect to each x2ijt one obtains
〈Fn1(ω1, z1t)Fω2,n2(z2t)Fω3,n3(z3t)〉
=
N2c − 1
32pi6z212z
2
13z
2
23
Γ
(ω1 + ω2 − ω3
2
)
Γ
(ω2 + ω3 − ω1
2
)
Γ
(ω1 + ω3 − ω2
2
)
× Γ(ω1 + ω2 − ω3
2
+ 2
)
Γ
(ω2 + ω3 − ω1
2
+ 2
)
Γ
(ω1 + ω3 − ω2
2
+ 2
)
Φ(ω1, ω2, ω3)
× Γ(1− ω1)Γ(1− ω2)Γ(1− ω3)
(s12
z212
)ω1+ω2−ω3
2
(s13
z213
)ω1+ω3−ω2
2
(s23
z223
)ω2+ω3−ω1
2 (8.20)
A quick check of this formula can be obtained by Eq. (3.4) which states that as ωi → 1
the coefficient in front of Γ(1 − ω1)Γ(1 − ω2)Γ(1 − ω3) is represented by the three-point
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correlator of local two-gluon operators∫
dudvdw〈F an1ξF aξn1 (un1 + x1t)F bn2ηF bηn2 (vn2 + x2t)F cn3ζF cζn3(wn3 + x3t) (8.21)
Using tree-level correlator
〈F aµn1 F an1µ(u1n1 + x1t)F bνn2F bn2ν(u2n2 + x2t)F cλn3F cn3λ(u3n3 + x3t)〉tree
=
2(N2c − 1)s12s13s23x212tx213tx223t
pi6(uvs12 + x212t + i)
3(uws13 + x213t + i)
3(vws23 + x223t + i)
3
(8.22)
and the integral∫
dudvdw
1
[uv + a+ i][vw + b+ i][uw + c+ i]
= − 2pi
3
√
abc
(8.23)
one obtains∫
dudvdw〈F an1ξF aξn1 (un1 + x1t)F bn2ηF bηn2 (vn2 + x2t)F cn3ζF cζn3(wn3 + x3t)
= − 27(N
2
c − 1)
√
s12s13s23
128pi3(x212tx
2
13tx
2
23t)
3
2
(8.24)
which agrees with Eq. (8.20) at ωi → 1 since Φ(1, 1, 1) = −16.
For the BFKL limit we need the behavior of the tree-level correlator (8.20) as ωi → 0.
It is easy to see that at small ωi
Φ(ω1, ω2, ω3) = 4ipi
3ω1ω2ω3 − pi4ω1ω2ω3(ω1 + ω2 + ω3) + O(ω5) (8.25)
and therefore
〈Fn1(ω1, z1t)Fω2,n2(z2t)Fω3,n3(z3t)〉tree
=
i(N2c − 1)
pi3z212z
2
13z
2
23
ω1ω2ω3
[
1 + ipi4 (ω1 + ω2 + ω3) + O(ω
2)
]
(ω1 + ω2 − ω3)(ω2 + ω3 − ω1)(ω1 + ω3 − ω2)
× (s12
z212
)ω1+ω2−ω3
2
(s13
z213
)ω1+ω3−ω2
2
(s23
z223
)ω2+ω3−ω1
2 (8.26)
which corresponds to
F (ωi, g
2)
∣∣∣
g2=0
= 1 +
ipi
4
(ω1 + ω2 + ω3) + O(ω
2) (8.27)
in the notations of Eq. (3.14) parametrization.
As demonstrated in the next Section, the singularities at ωi = ωj + ωk originate from
boost invariance of the correlator of three light-ray operators at nj = nk. Note, however,
that such singularity is absent in the correlator of three local operators F jn(xt) (see Eq.
(2.4) for definition) since Φ(ji, jk, ji + jk) = 0 for integer j’s.
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Figure 17. Triple BFKL evolution at n2 = n3 with BK vertex at the rapidity Y0.
8.3 Boost invariance and singularities of structure constants
As we mentioned above, the singularities at ωi = ωj + ωk are related to boost invariance.
To demonstrate this, let us follow Ref. [26] and consider the correlator of Wilson frame in
n1 direction and two Wilson frames in n2 directions, see Fig. 17〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n2(x3t + w3t2 , x3t − w3t2 )〉 (8.28)
As we discussed in Sect. 5.2, this correlator in the Regge limit can be represented by the
correlator of three conformal dipoles, one in n1 direction and two in n2 directions. We get
from Eq. (5.26)〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n2(x3t + w3t2 , x3t − w3t2 )〉 (8.29)
= − iN
6
c
pi9
∫ ∞
0
dl1dl2dl3
l1l2l3
l−ω11 l
−ω2
2 l
−ω3
3
∫
dν1dν2dν3(w
2
1t)
− 1
2
+iν1(w22t)
− 1
2
+iν2(w23t)
− 1
2
+iν3
× 〈UY1conf(x1t,−ν1)VY2conf(x2t,−ν2)VY3conf(x3t,−ν3)〉
∏
i=1,2,3
νi
2−4iνiΓ
(
3
2 + iνi
)
Γ(1− iνi)
Γ
(
3
2 − iνi
)
Γ(1 + iνi)
where Yi ' ln li + 12 ln sm2⊥ (s ≡ s12).
As discussed in Refs. [26] and [27], the BK equation for color dipoles leads to the
following structure of the correlator of a conformal dipole in n1 direction and two dipoles
in n2 direction:∫
dY0 θ(Y0 + Y2)θ(Y0 + Y3)
(
evolution UY1 → UY0)⊗ (BK vertex at Y0)⊗ ( 〈UY0VY2〉〈UY0VY3〉
)
(8.30)
where the integral over Y0 comes from the fact that the splitting of one dipole into two
(described by the BK vertex) can occur at any rapidity between the n1 dipole and the
most energetic of n2 dipoles. Specifically, θ(Y0 + Yi) reflects the fact that there should be
sufficient energy between dipoles UY0 and VYi to apply high-energy approximation, see the
footnote 9 at page 14.
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Rewrtiting Eq. (18) from Ref. [26] in terms of conformal dipoles, one gets
〈UY1conf(x1t,−ν1)VY2conf(x2t,−ν2)VY3conf(x3t,−ν3)〉 = −
α5sNc
4pi4
1(
1
4 + ν
2
2
)2(1
4 + ν
2
3
)2
×
∫ Y1
−∞
dY0
∫
dY2dY3 θ(Y0 + Y2)θ(Y0 + Y3) e
ℵ(ν1)(Y1−Y0)+ℵ(ν2)(Y0+Y2)+ℵ(ν3)(Y0+Y3)
×
∫
d2x4d
2x5d
2x6
x245x
2
56x
2
46
( x245
x214x
2
15
) 1
2
+iν1( x256
x225x
2
36
) 1
2
+iν2( x246
x234x
2
36
) 1
2
+iν3
+ O
( 1
Nc
)
(8.31)
where two-dimensional integrals go over transverse directions orthogonal to both n1 and
n2. Combining Eqs. (8.29), (8.30), and (8.31) one obtains〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n2(x3t + w3t2 , x3t − w3t2 )〉
= i
α5sN
7
c
4pi13
∫
dν1dν2dν3(
1
4 + ν
2
2
)2(1
4 + ν
2
3
)2 2piδ(ω1 − ω2 − ω3)
(
s
m2⊥
)ω1+ω2+ω3
2
[ω1 − ℵ(ν1)][ω2 − ℵ(ν2)][ω3 − ℵ(ν3)]
× (w21t)−
1
2
+iν1(w22t)
− 1
2
+iν2(w23t)
− 1
2
+iν3
∏
k=1,2,3
νk
2−4iνkΓ
(
3
2 + iνk
)
Γ(1− iνk)
Γ
(
3
2 − iνk
)
Γ(1 + iνk)
×
∫
d2x4d
2x5d
2x6
x245x
2
56x
2
46
( x245
x214x
2
15
) 1
2
+iν1( x256
x225x
2
36
) 1
2
+iν2( x246
x234x
2
36
) 1
2
+iν3
(8.32)
Here 2piδ(ω1 − ω2 − ω3) comes from the longitudinal integral∫ ∞
0
dl1dl2dl3
l1l2l3
l−ω11 l
−ω2
2 l
−ω3
3
∫ Y1
−∞
dY0
∫
dY2dY3 θ(Y0 + Y2)θ(Y0 + Y3)
× eℵ(ν1)(Y1−Y0)+ℵ(ν2)(Y0+Y2)+ℵ(ν3)(Y0+Y3)
=
2piδ(ω1 − ω2 − ω3)
(
s
m2⊥
)ω1+ω2+ω3
2
[ω1 − ℵ(ν1)][ω2 − ℵ(ν2)][ω3 − ℵ(ν3)]
∫
dY0 e
−i(ω1−ω2−ω3)Y0
→
2piδ(ω1 − ω2 − ω3)
(
s
m2⊥
)ω1+ω2+ω3
2
[ω1 − ℵ(ν1)][ω2 − ℵ(ν2)][ω3 − ℵ(ν3)] (8.33)
Strictly speaking, the integral over Y0 is divergent so we need some regularization to under-
stand it. Following Ref. [26] we take n2 6= n3 but n1 ·n2 ' n1 ·n3. We can use our formulas
for n2 = n3 case until longitudinal distances between frames “2” and “3” are smaller than
typical transverse separation x2ij⊥ ∼ m−2⊥ , i.e. when l2l3s23 ≤ m−2⊥ . In terms of rapidities
Y2 and Y3 this restriction means Y2 + Y3 ≤ ln s12s23 so instead of Eq. (8.33) we get∫ Y1
−∞
dY0
∫
dY2dY3 θ(Y0 + Y2)θ(Y0 + Y3)θ
(
ln
s12
s23
− Y2 − Y3
)
× eℵ(ν1)(Y1−Y0)+ℵ(ν2)(Y0+Y2)+ℵ(ν3)(Y0+Y3)
=
(
s23
s12
)ω2+ω3−ω1
2
(ω1 − ω2 − ω3)(ω1 − ℵ1)
(
ω2 − ℵ2 + ω1−ω2−ω32
)(
ω3 − ℵ3 + ω1−ω2−ω32
)
ω2+ω3→ω1→
(
s23
s12
)ω2+ω3−ω1
2
(ω1 − ω2 − ω3)(ω1 − ℵ1)(ω2 − ℵ2)(ω3 − ℵ3) . (8.34)
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Thus,
2piδ(ω1 − ω2 − ω3) ⇔ lim
n3→n2
(
n2·n3
n1·n2
)ω2+ω3−ω1
2
(ω1 − ω2 − ω3) (8.35)
Let us emphasize that the divergence over Y0 in r.h.s of eq. (8.34) leading to this δ-function
comes from boost invariance: at n2 = n3 one can multiply n1 by some λ and n2 by λ−1
and the correlator (8.29) will not change. Thus, the singularity at ω1 = ω2 + ω3 is of
general nature and should be present in a general formula (3.14). Note, however, that for
the correlator of 3 local “forward” operators these singularities seem to disappear, see the
discussion in the end of Sect. 8.2.
To compare with the result (6.44) for n2 6= n3 let us finish the calculation in this
n2 = n3 case. The transverse integral was calculated in Ref. [31] and the result is∫
d2x4d
2x5d
2x6
x245x
2
56x
2
46
( x245
x214x
2
15
) 1
2
+iν1( x256
x225x
2
36
) 1
2
+iν2( x246
x234x
2
36
) 1
2
+iν3
=
pi3Ω
(
1
2 + iν1,
1
2 + iν2,
1
2 + iν3
)
(x212)
1
2
+iν1+iν2−iν3(x213)
1
2
+iν1+iν3−iν2(x223)
1
2
+iν2+iν3−iν1
(8.36)
where Ω is related to Meyer G-function, see the explicit expression in Ref. [31] (for conve-
nience, we extracted factor pi3 from the definition in Ref. [31]).
Rewriting the intgral (8.36) in terms of γi = 2iνi − 1 one obtains〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n2(x3t + w3t2 , x3t − w3t2 )〉
= − iα
5
sN
7
c
64pi10
2piδ(ω1 − ω2 − ω3)
x212tx
2
13tx
2
23t
∫ −1+i∞
−1−i∞
dγ1dγ2dγ3
γ22γ
2
3(2 + γ2)
2(2 + γ3)2
×
3∏
k=1
(1 + γk)2
−2γkΓ
(
2 + γk2
)
Γ
(
1
2 − γk2
)
Γ
(
1− γk2
)
Γ
(
3
2 +
γk
2
) Ω(1− γ12 , 1− γ22 , 1− γ32 )
[ω1 − ℵ˜(γ1)][ω2 − ℵ˜(γ2)][ω3 − ℵ˜(γ3)]
×
( w21tx223t
x212tx
2
13t
) γ1
2
( w22tx213t
x212tx
2
23t
) γ2
2
( w23tx212t
x213tx
2
23t
) γ3
2 ( s
m2⊥
)ω1+ω2+ω3
2 (8.37)
where γi = 2iνi − 1 similarly to Eq. (6.39).
Taking residues at γ∗i (roots of the equation (6.43)) one obtains
17
〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n2(x3t + w3t2 , x3t − w3t2 )〉
= 8g10
N2c
pi2
2piδ(ω1 − ω2 − ω3)
( s
x212t
)ω1+ω2−ω3
2
( s
x213t
)ω1+ω3−ω2
2
( s
x223t
)ω2+ω3−ω1
2
× Ω(1− γ∗1
2
, 1− γ
∗
2
2
, 1− γ
∗
3
2
) 1
x212tx
2
13tx
2
23t
( w21tx223t
x212tx
2
13t
) γ∗1
2
( w22tx213t
x212tx
2
23t
) γ∗2
2
( w23tx212t
x213tx
2
23t
) γ∗3
2
× 1
γ∗2
2γ∗3
2
(
1 +
γ∗2
2
)2(
1 +
γ∗3
2
)2 3∏
k=1
(1 + γ∗k)2
−2γ∗kΓ
(
2 +
γ∗k
2
)
Γ
(
1
2 −
γ∗k
2
)
Γ
(
1− γ∗k2
)
Γ
(
3
2 +
γ∗k
2
)ℵ′(γ∗k) (8.38)
17Similarly to the case of integral (6.39), the poles at γi = 0 should cancel with contributions of low-order
diagrams without gluon ladder(s) in Fig. 17.
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Here again we replaced
(
s
m2⊥
)
ω1+ω2+ω3
2 by
(
s
x212t
)ω1+ω2−ω3
2
(
s
x213t
)ω1+ω3−ω2
2
(
s
x223t
)ω2+ω3−ω1
2 which
is within LLA accuracy. This result agrees with Eq. (30) from Ref. [26]. In terms of
structure constant (3.14) we have
F
[
γ∗(ω1, g2), γ∗(ω2, g2), γ∗(ω3, g2)
]
(8.39)
ω1=ω2+ω3= 8ig10
N2c
pi2
Ω
(
1− γ∗12 , 1−
γ∗2
2 , 1−
γ∗3
2
)
γ∗2
2γ∗3
2
(
1 +
γ∗2
2
)2(
1 +
γ∗3
2
)2 3∏
k=1
(1 + γ∗k)2
−2γ∗kΓ
(
2 +
γ∗k
2
)
Γ
(
1
2 −
γ∗k
2
)
Γ
(
1− γ∗k2
)
Γ
(
3
2 +
γ∗k
2
)ℵ′(γ∗k)
It is instructive to compare with the result (6.44) at small γ∗i ' −8g
2
ωi
 1. The
estimate of the function Ω at small γi reads [26, 27]
Ω
(
1− γ1
2
, 1− γ2
2
, 1− γ3
2
)
=
16
γ1γ2γ3
(
1 +
γ1 + γ2
γ3
+
γ1 + γ3
γ2
+
γ2 + γ3
γ1
)
+ O(γi) (8.40)
so we get〈F j1n1(x1t + w1t2 , x1t − w1t2 )F j2n2(x2t + w2t2 , x2t − w2t2 )F j3n2(x3t + w3t2 , x3t − w3t2 )〉 (8.41)
= − g
2N2c
2pi2
ω1[2piδ(ω1 − ω2 − ω3)]
( w21tx223t
x212tx
2
13t
) γ∗1
2
( w22tx213t
x212tx
2
23t
) γ∗2
2
( w23tx212t
x213tx
2
23t
) γ∗3
2 [
1 +O
(g2
ω
)]
which corresponds to structure constant (3.14) with
F = − 2ipig2
at ω1 = ω2 + ω3. This contribution to structure constant is imaginary in accordance with
the fact that the physical amplitude in Fig. (17) is purely imaginary if left and right sides
are symmetric. (The corresponding cross section describes diffractive scattering, see Refs.
[41, 48]). Since the leading-order structure constant (6.47) is real, it is natural to assume
that Eq. (8.39) gives the leading contribution to the imaginary part of structure constant
at ω1 = ω2 + ω3 in the BFKL limit.
8.4 Calculation of Λ(ν1, ν2, ν3)
The function Λ(ν1, ν2, ν3) is represented by the integral (6.35). It is convenient to take
x = (1, 0) and rewrite the integral as
Λ(ν1, ν2, ν3) ≡ Λ¯(1, 2, 3) = 1
pi3
∫
d2z1
d2z2
(1− z2)4
d2z0
z40
× [z212x + (z1y + z2y)2]−1
[ z220
(1− z2)2(1− z0)2
]−2[ z210
z21z
2
0
]−3
(8.42)
where we denote i ≡ 12 − iνi in a view of a later estimate at i → 0. Unfortunately, the
integral (8.42) diverges as i → 0 so we need to define it as an analytic continuation of a
convergent integral
Λ¯a(1, 2, 3) ≡ 1
pi3
∫
d2z0d
2z1d
2z2
1
(|1− z0|2)a−2(|1− z2|2)2−a−2
× (z¯2 − z1)−1(z2 − z¯1)−1 1|z220|2 |z21 |a−3 |z210|3 |z20 |2−a−3
(8.43)
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This integral is obviously convergent if i > 0 and |1− a| < i. (We will relax the condition
i > 0 later). The “Feynman diagram” integral is depicted in Fig. 18 the denominators
1z     
0z1
e1
e2
2−a−e 2
a−e2 3
e 
2−a−e
a−e3
z 2
0
3
Figure 18. Correlator defining the function Λ(i) (≡ Λ(ei)) in Eq. (8.42). Dotted line depicts the
unusial propagator [z212x + (z1y + z2y)2]−e1 between points z1 and z2.
being conventional 2-dim propagators (albeit with non-integer powers) except [z212x+(z1y+
z2y)
2]−1 denoted by a dotted line.
To calculate this integral, we will rewrite [z212x + (z1y + z2y)2] in the denominator as
(z¯2 − z1)(z2 − z¯1) where z ≡ zx + izy, z¯ ≡ zx − izy and use the expansion
1
(z¯2 − z1)1(z2 − z¯1)1 =
∞∑
m,n=0
Γ(1 +m+ n)
Γ(1)m!n!
(1− z¯2)mzn1
∞∑
k,l=0
Γ(1 + k + l)
Γ(a)k!l!
(1− z2)kz¯l1
(8.44)
Next, we use the expansion (8.44), calculate the integrals, reassemble the sum over m,n, k, l
and continue analytically to a = 0 in the final result.
Using the integral∫
d2z1
pi
zm1 z¯
n
1
|z2 − z1|2α|z1|2β =
Γ(α+ β − n− 1)
Γ(α)Γ(β − n)|z22 |α+β−n−1
zm−n2
Γ(1− α)Γ(1− β +m)
Γ(2− α− β +m) (8.45)
one obtains after some algebra
Λ¯a(1, 2, 3)
=
sinpi(a+ 2) sinpi2 sinpi(3 − a) sinpi3
pi3 sinpi(2 + 3)
∞∑
m,n,k,l=0
Γ(1 +m+ n)
Γ(1)m!n!
Γ(1 + k + l)
Γ(1)k!l!
× (−1)m+lΓ(a+ 2 − 1 +m)Γ(1− a−m)
Γ(2)
Γ(1− 2)Γ(2 + a− 1 + k)
Γ(a+ k)
× Γ(3 + l + 1− a)Γ(a− l − 1)
Γ(3)
Γ(1− 3)Γ(1 + 3 − a+ n)
Γ(2− a+ n)
× Γ(2 +m)Γ(3 + l)
Γ(2 + 3 +m+ l)
Γ(2 + k)Γ(3 + n)
Γ(2 + 3 + k + n)
= − sinpi(a+ 2) sinpi2 sinpi(3 − a) sinpi3
pi3 sinpi(2 + 3)
∞∑
m,n=0
Γ(1 +m+ n)
Γ(1)m!n!
∞∑
k,l=0
Γ(1 + k + l)
Γ(1)k!l!
× (−1)m+l
∫ 1
0
du1dv1du2dv2dt1dt2 u
a+2−2+m
1 (1− u1)−a−m(1− v1)−2v2+a−2+k1 u3−a+l2
× (1− u2)a−2−l(1− v2)−3v3−a+n2 t2−1+m1 (1− t1)3−1+lt2−1+k2 (1− t2)3−1+n (8.46)
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Now one can reassemble the sum (8.44) and get
Λ¯a(1, 2, 3) = − sinpi(a+ 2) sinpi2 sinpi(3 − a) sinpi3
pi3 sinpi(2 + 3)
∫ 1
0
du1dv1du2dv2dt1dt2
× ua+2−21 (1− u1)1−a(1− v1)−2v2+a−21 u3−a2 (1− u2)1+a−2(1− v2)−3v3−a2
× t2−11 (1− t1)3−1t2−12 (1− t2)3−1
[
(1− u1)(1− v2) + u1t1 + (1− u1)v2t2
]−1
× [(1− u2)(1− v1) + u2(1− t1) + (1− u2)v1(1− t2)]−1 (8.47)
Next, using Mellin-Barnes integral
Γ(a)
(A+B + C)a
=
1
(2pii)2
∫
ds1ds2
Γ(a− s1)
Aa−s1
Γ(s1 − s2)
Bs1−s2
Γ(s2)
Cs2
(8.48)
one can rewrite Eq. (8.47) as follows
Λ¯a(1, 2, 3) = − sinpi(a+ 2) sinpi(2) sinpi(3 − a) sinpi(3)
pi3 sinpi(2 + 3)Γ2(1)
Ia(1, 2, 3) (8.49)
where Ia(1, 2, 3) = Ia,a,a,a(1, 2, 3) and
Ia1,a2,a3,a4(1, 2, 3) (8.50)
=
∫ δ+i∞
δ−i∞
ds1ds2ds3ds4
(2pii)4
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(1 − s3 − s4)Γ(s3)Γ(s4)
× Γ(2 − 1 + a3 − s1)Γ(s1 − a3 + 1)
Γ(2)
Γ(1 + 3 − a1 − s3)Γ(a1 − 1 + s3)
Γ(3)
× Γ(2 − 1 + a2 − s4)Γ(1− 1 − 2 + s3 + s4)
Γ(a2 − 1 + s3)
× Γ(1 + 3 − a4 − s2)Γ(1− 1 − 3 + s1 + s2)
Γ(2− a4 − 1 + s1)
Γ(2 − s1)Γ(3 − s3)
Γ(2 + 3 − s1 − s3)
Γ(2 − s2)Γ(3 − s4)
Γ(2 + 3 − s2 − s4)
Here we assume |1 − ai| < δ < i2 , then the MB integral is well-defined with all the “left”
poles of the type Γ(si + ...) to the left of the contour of integration over si and “right” poles
∼ Γ(...− si) to the right of the contour.
Next, we need to continue analytically to ai = 0. We will do this separately for each ai
paying attention to the poles which intersect the contour of integration and taking residues
in those poles as explained in the book [50]. First, note that analytic continuation in a4
is trivial: “right” pole at s2 = 1 + 3 − a4 moves to the right and away from the contour.
Thus, we set a4 = 0 in what follows. At a next step, we continue a1 to a1 = 0. There are
two poles affected by that: pole at s3 = 1 + 3 − a1 and pole at s3 = 1 − a1. While the
first pole is always to the right of the contour, the second pole intersects the contour so we
need to take a residue at s3 = 1− a1. The integral Ia1,a2,a3,0 at a1 ≤ 1− δ takes the form
Ia1,a2,a3,0 = r.h.s. of Eq.(8.50)
∣∣∣
a1=a4=0
+ Γ(1− a1)
∫ δ+i∞
δ−i∞
ds1ds2ds4
(2pii)3
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(a1 + 1 − 1− s4)Γ(s4) (8.51)
× Γ(2 − 1 + a3 − s1)Γ(s1 − a3 + 1)
Γ(2)
Γ(2 − 1 + a2 − s4)Γ(2− a1 − 1 − 2 + s4)
Γ(1− a1 + a2 − 1)
× Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)
Γ(2− 1 + s1)
Γ(2 − s1)Γ(a1 + 3 − 1)
Γ(a1 + 2 + 3 − s1 − 1)
Γ(2 − s2)Γ(3 − s4)
Γ(2 + 3 − s2 − s4)
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Now we should continue from a1 = 1− δ to a1 = 0. In the first term in r.h.s. of Eq. (8.51)
there are no more crossings of the contour so we can just set a1 = 0. In the second term,
the pole at s4 = a1 + 1 + 2 − 2 will always stay to the left of the cut but the pole at
s4 = a1 + 1 − 1 will move from s4 = 1 − δ to s4 = 1 − 1 so it will cross the contour and
we need to take the residue. The residue yields
Γ(1− a1)
∫ δ+i∞
δ−i∞
ds1ds2
(2pii)2
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(a1 + 1 − 1) (8.52)
× Γ(2 − 1 + a3 − s1)Γ(s1 − a3 + 1)
Γ(2)
Γ(2 − 1 + a2 − a1)Γ(2− a1 − 1 − 2 + s4)
Γ(1− a1 + a2 − 1)
× Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)
Γ(2− 1 + s1)
Γ(2 − s1)Γ(a1 + 3 − 1)
Γ(a1 + 2 + 3 − s1 − 1)
× Γ(2 − s2)Γ(1− 1 − 3 − a1)
Γ(1 + 2 + 3 − 1 − s2 − a1)
The continuation a1 → 0 in Eq. (8.52) does not cross the integration contours so we can
set a1 = 0 and get for Eq. (8.50)
Ia1→0,a2,a3,0(1, 2, 3) (8.53)
=
∫ δ+i∞
δ−i∞
ds1ds2ds3ds4
(2pii)4
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(1 − s3 − s4)Γ(s3)Γ(s4)
× Γ(2 − 1 + a3 − s1)Γ(s1 − a3 + 1)
Γ(2)
Γ(1 + 3 − s3)Γ(s3 − 1)
Γ(3)
× Γ(2 − 1 + a2 − s4)Γ(1− 1 − 2 + s3 + s4)
Γ(a2 − 1 + s3)
× Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)
Γ(2− 1 + s1)
Γ(2 − s1)Γ(3 − s3)
Γ(2 + 3 − s1 − s3)
Γ(2 − s2)Γ(3 − s4)
Γ(2 + 3 − s2 − s4)
+
∫ δ+i∞
δ−i∞
ds1ds2ds4
(2pii)3
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(1 − 1− s4)Γ(s4)
× Γ(2 − 1 + a3 − s1)Γ(s1 − a3 + 1)
Γ(2)
Γ(2 − 1 + a2 − s4)Γ(2− 1 − 2 + s4)
Γ(1 + a2 − 1)
× Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)
Γ(2− 1 + s1)
Γ(2 − s1)Γ(3 − 1)
Γ(2 + 3 − s1 − 1)
Γ(2 − s2)Γ(3 − s4)
Γ(2 + 3 − s2 − s4)
+
∫ δ+i∞
δ−i∞
ds1ds2
(2pii)2
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(1 − 1)
× Γ(2 − 1 + a3 − s1)Γ(s1 − a3 + 1)
Γ(2)
Γ(2 − 1 + a2)Γ(2− 1 − 2 + s4)
Γ(1 + a2 − 1)
× Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)
Γ(2− 1 + s1)
Γ(2 − s1)Γ(3 − 1)
Γ(2 + 3 − s1 − 1)
Γ(2 − s2)Γ(1− 1 − 3)
Γ(1 + 2 + 3 − 1 − s2)
Repeating this procedure for a2 and a3 one obtains after some algebra
Λ¯(1, 2, 3) = − sin
2 pi2 sin
2 pi3
pi3 sinpi(2 + 3)Γ2(1)
Ia1→0,a2→0,a3→0,0(1, 2, 3) (8.54)
Ia1→0,a2→0,a3→0,0(1, 2, 3) = J1(i) + J2(i) + ...+ J14(i) (8.55)
– 45 –
where
J1 =
∫ δ+i∞
δ−i∞
ds1ds2ds3ds4
(2pii)4
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(1 − s3 − s4)Γ(s3)Γ(s4)
× Γ(2 − 1− s1)Γ(s1 + 1)
Γ(2)
Γ(1 + 3 − s3)Γ(s3 − 1)
Γ(3)
Γ(2 − 1− s4)Γ(1− 1 − 2 + s3 + s4)
Γ(−1 + s3)
× Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)
Γ(2− 1 + s1)
Γ(2 − s1)Γ(3 − s3)
Γ(2 + 3 − s1 − s3)
Γ(2 − s2)Γ(3 − s4)
Γ(2 + 3 − s2 − s4) (8.56)
J2 =
Γ(2 − 1)Γ(1 + 3 − 2)
Γ(2)Γ(3)
∫ δ+i∞
δ−i∞
ds1ds2ds3
(2pii)3
Γ(1 − s1 − s2)Γ(s1)Γ(s2)
× Γ(1 + 1 − 2 − s3)Γ(s3)Γ(2 − 1− s1)Γ(s1 + 1)Γ(1 + 3 − s3)Γ(s3 − 1) (8.57)
× Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)
Γ(2− 1 + s1)
Γ(2 − s1)Γ(3 − s3)
Γ(2 + 3 − s1 − s3)
Γ(2 − s2)
Γ(1 + 3 − s2)
J3 =
Γ(3 − 1)
Γ(2)
∫ δ+i∞
δ−i∞
ds1ds2ds4
(2pii)3
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(1 − 1− s4)Γ(s4)
× Γ(2 − 1− s1)Γ(s1 + 1) Γ(2 − 1− s4)Γ(2− 1 − 2 + s4)
Γ(1− 1)
Γ(1 + 3 − s2)
Γ(2− 1 + s1)
× Γ(1− 1 − 3 + s1 + s2) Γ(2 − s1)
Γ(2 + 3 − s1 − 1)
Γ(2 − s2)Γ(3 − s4)
Γ(2 + 3 − s2 − s4) (8.58)
J4 =
Γ(2 − 1)
Γ(3)Γ(1− 1 + 2)
∫ δ+i∞
δ−i∞
ds2ds3ds4
(2pii)3
Γ(1 + 1 − 2 − s2)Γ(s2)Γ(1 − s3 − s4)
× Γ(s3)Γ(s4)Γ(1 + 3 − s3)Γ(s3 − 1) Γ(2 − 1− s4)Γ(1− 1 − 2 + s3 + s4)
(3 − s3)Γ(−1 + s3)
× Γ(1 + 3 − s2)Γ(2 − 1 − 3 + s2)Γ(2 − s2)Γ(3 − s4)
Γ(2 + 3 − s2 − s4) (8.59)
J5 = − Γ(1 − 2)
(1− 2) Γ(3 − 1)Γ(1 + 3 − 2)
∫ δ+i∞
δ−i∞
ds1ds2
(2pii)2
Γ(1 − s1 − s2)Γ(s1)Γ(s2)
× Γ(2 − 1− s1)Γ(s1 + 1)Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)Γ(2 − s1)Γ(2 − s2)
Γ(2− 1 + s1)Γ(2 + 3 − s1 − 1)Γ(1 + 3 − s2) (8.60)
J6 =
Γ(2 − 1)Γ(1− 2)Γ(1 + 3 − 1)
Γ(2)Γ(1− 1) Γ(1 − 1)Γ(3 − 1) (8.61)
×
∫ δ+i∞
δ−i∞
ds1ds2
(2pii)2
Γ(1 − s1 − s2)Γ(s1)Γ(s2)Γ(2 − 1− s1)Γ(s1 + 1)
× Γ(1 + 3 − s2)Γ(1− 1 − 3 + s1 + s2)Γ(2 − s1)Γ(2 − s2)
Γ(2− 1 + s1)Γ(2 + 3 − s1 − 1)Γ(1 + 2 + 3 − 1 − s2)
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J7 =
Γ2(2 − 1)Γ(1 + 3 − 2)
Γ(3)Γ(1 + 2 − 1)
∫ δ+i∞
δ−i∞
ds2ds3
(2pii)2
Γ(1 + 1 − 2 − s2) (8.62)
× Γ(s2)Γ(1 + 1 − 2 − s3)Γ(s3)Γ(1 + 3 − s3)Γ(s3 − 1)
× Γ(1 + 3 − s2)Γ(2 − 1 − 3 + s2) Γ(3 − s3)
Γ(1 + 3 − s3)
Γ(2 − s2)
Γ(1 + 3 − s2)
J8 = −
∫ δ+i∞
δ−i∞
ds2ds4
(2pii)2
Γ(1 + 1 − 2 − s2)
× Γ(2 − 1)Γ(s2)Γ(1 − 1− s4)Γ(s4)Γ(2 − 1− s4)Γ(2− 1 − 2 + s4)
(1− 3)Γ(1− 1)
× Γ(1 + 3 − s2)Γ(2 − 1 − 3 + s2)
Γ(2− 1 + s1)
Γ(2 − s2)Γ(3 − s4)
Γ(2 + 3 − s2 − s4) (8.63)
J9 =
Γ(2 − 1)Γ(1 + 3 − 2)
Γ(3)
Γ(22 − 1 − 3)
∫ δ+i∞
δ−i∞
ds3ds4
(2pii)2
Γ(1 − s3 − s4)Γ(s3)
× Γ(s4)Γ(3 − s3)Γ(s3 − 1)Γ(2 − 1− s4)Γ(1− 1 − 2 + s3 + s4)Γ(3 − s4)
Γ(−1 + s3)Γ(22 − 1 − s4) (8.64)
J10 = − Γ
2(2 − 1)Γ(1 − 2)
(1− 3)Γ(1 + 2 − 1)Γ(1 + 3 − 2)
∫ δ+i∞
δ−i∞
ds2
2pii
Γ(1 + 1 − 2 − s2)Γ(s2)
× Γ(1 + 3 − s2)Γ(2 − 1 − 3 + s2) Γ(2 − s2)
Γ(1 + 3 − s2) (8.65)
J11 = − Γ(1 − 1)Γ(2 − 1)Γ(2 − 1)Γ(1− 2)
(1− 3)Γ(1− 1)
∫ δ+i∞
δ−i∞
ds2
2pii
Γ(1 + 1 − 2 − s2)Γ(s2)
× Γ(1 + 3 − s2)Γ(2 − 1 − 3 + s2)
Γ(1 + 2 − 1)
Γ(2 − s2)Γ(1 + 3 − 1)
Γ(1 + 2 + 3 − 1 − s2) (8.66)
J12 = Γ
2(2 − 1)Γ(1 + 3 − 2)Γ(22 − 1 − 3)Γ(1 + 3 − 2)
Γ(3)Γ(1− 1 + 2) (8.67)
×
∫ δ+i∞
δ−i∞
ds3
2pii
Γ(1 + 1 − 2 − s3)Γ(s3)Γ(1 + 3 − s3)Γ(s3 − 1) Γ(3 − s3)
Γ(1 + 3 − s3)
J13 = − Γ(1− 3)Γ(2 − 1)Γ(1 + 3 − 2)
(1− 3)Γ(1− 1)
∫ δ+i∞
δ−i∞
ds4
2pii
Γ(1 − 1− s4)Γ(s4)
× Γ(2 − 1− s4)Γ(2− 1 − 2 + s4)Γ(22 − 1 − 3)Γ(3 − s4)
Γ(22 − 1 − s4) (8.68)
J14 = − Γ(1− 3)Γ2(2 − 1)Γ(1 + 3 − 2)Γ(1 − 2)Γ(22 − 1 − 3))Γ(1 + 3 − 2)
(1− 3)Γ(1 + 2 − 1)
(8.69)
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J15 = − Γ(1− 3)Γ(2 − 1)Γ(1 + 3 − 2)Γ(1 − 1)
× Γ(2 − 1)Γ(1− 2)
Γ(1− 1)
Γ(22 − 1 − 3)Γ(1 + 3 − 1)
(1− 3)Γ(1 + 22 − 21) (8.70)
The combination of Eq. (8.54) and (8.55) is the final result for the function Λ˜(γi) (our
notation is γi = −2i). Unfortunately, I was not able to find a representation of the sum
(8.54) which would be explicitly symmetric in 1, 2, and 3. However, the result (8.75) in
the limit i → 0 obtained below is symmetric.
To get Λ¯(i) at small i we need to estimate the behavior of the integrals J1-J13 as
i → 0. As an example, let us consider integral J9 given by Eq. (8.64). The contours of
integration over s3 and s4 are pinched between “left” and “right” poles as the separation
between them vanishes in the limit i → 0. Shifting contours of integration over s3 and s4
to the left of the real axis and taking residues at s3 = 0 and s4 = 0 one obtains
J9 =
Γ(2 − 1)Γ(1 + 3 − 2)
Γ(3)
Γ(22 − 1 − 3)
∫ −δ+i∞
−δ−i∞
ds3ds4
(2pii)2
Γ(1 − s3 − s4)Γ(s3)
× Γ(s4)Γ(3 − s3)Γ(s3 − 1)Γ(2 − 1− s4)Γ(1− 1 − 2 + s3 + s4)Γ(3 − s4)
Γ(−1 + s3)Γ(22 − 1 − s4)
+
Γ2(2 − 1)Γ(1 + 3 − 2)
Γ(22 − 1) Γ(22 − 1 − 3)
×
∫ −δ+i∞
−δ−i∞
ds3
2pii
Γ(1 − s3)Γ(s3)Γ(3 − s3)Γ(s3 − 1)Γ(1− 1 − 2 + s3)
Γ(−1 + s3)
+
Γ(2 − 1)
Γ(−1) Γ(22 − 1 − 3)Γ(1 + 3 − 2)
×
∫ −δ+i∞
−δ−i∞
ds4
2pii
Γ(1 − s4)Γ(s4)Γ(2 − 1− s4)Γ(1− 1 − 2 + s4) Γ(3 − s4)
Γ(22 − 1 − s4)
× [ψ(1 − s4) + ψ(3)− ψ(1− 1 − 2 + s4) + ψ(−1)− 2ψ(1)− 1]
+
Γ2(2 − 1)
Γ(−1) Γ(22 − 1 − 3)Γ(1 + 3 − 2)Γ(1)Γ(1− 1 − 2)
Γ(3)
Γ(22 − 1)
× [ψ(1) + ψ(3)− ψ(1− 1 − 2) + ψ(−1)− 2ψ(1)− 1] (8.71)
where ψ(x) ≡ Γ′(x)/Γ(x). Now the integrals over s3 and/or s4 in the r.h.s. of Eq. (8.71)
are not pinched so the only singularities at i → 0 come from the explicit factors like Γ(i)
or ψ(i). Actually, it is easy to see that the last non-integral term is the most singular so
one obtains
J9
i→0' 22 − 1
22
2
3(1 + 3 − 2)(22 − 1 − 3)
+ O
( 1
4
)
(8.72)
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Similar estimates of remaining integrals yield
J1 ∼ J2 ∼ O
( 1
4
)
, J3 ' (2 + 3)
2
21
3
2
2
3
, J4 ' − 2 + 3
32
2
3(1 + 3 − 2)
,
J5 ' 2 + 3
1323(1 − 2)
, J6 ' − 2 + 3
21
2
23(1 − 2)
, J7 ' 1
323(1 + 3 − 2)
,
J8 ' − 2 + 3
1323(1 + 3 − 2)
, J10 ' 1
32(1 − 2)(1 + 3 − 2)
J11 ' − 1
122(1 − 2)(1 + 3 − 2)
, J12 ' −1
223(1 + 3 − 2)(22 − 1 − 3)
J13 ' 22 − 1
1223(1 + 3 − 2)(22 − 1 − 3)
, J14 ' −1
22(22 − 1 − 3)(1 + 3 − 2)(1 − 2)
J15 ' 1
12(22 − 1 − 3)(1 − 2)(1 + 3 − 2) (8.73)
It is easy to see that
J4 + J7 + J8 + J9 + J10 + J11 + J12 + J13 + J14 + J15 = O
( 1
4
)
so we get
Ia1→0,a2→0,a3→0,0(1, 2, 3) ' J3 + J5 + J6 ' − 2 + 3
21
2
2
2
3
+ O
( 1
4
)
(8.74)
and therefore
Λ¯(1, 2, 3) = 1 +O(i) (8.75)
which is quoted in Eq. (6.42) in terms of γi = −2i. Note that the symmetric form of this
result for Λ¯(1, 2, 3) is a check for for the calculation of the integral (8.42) which is not
obviously symmetric in 1, 2, 3.
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